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ABSTRACT

This paper illustrates the difficulties in the evalu-
ation of the output distributions of rational filters
even when the assumptions of the relation between
the signal and the noise are very sumplified. We de-
rive the output distribution analytically for one of
the simplest rational filter for two i.i.d. uniformly
distributed input samples. From this derivation the
inherent difficulties can be understood.

1. INDRODUCTION

The output distribution of a filter for given statistical
assumptions on the relation between the signal and
the noise give a lot of valuable information on the
behavior of the filter. First of all, the mean value of
the distribution can be used to verify is the filter un-
biased for the corresponding situation. Unbiasness is
an important concept in signal homogeneous regions,
where 1t is desirable that the expected value of the
output of the filter is that of the signal value in the
region, l.e., filter does not cause bias. The second
order central output moment is another important
numerical measure that can be calculated from the
output distribution. It is often used to measure the
noise attenuation capability of the filter because it
quantifies the spread of the output samples with re-
spect to their mean value. Other numerical fidelity
measures of the filter can be derive from the output
distribution as well.

The rational filters are used for instance in image
processing with a view to effectively attenuate the
noise that corrupts an image while introducing small
distortions on the image details. The rational filters
are described by rational functions, i.e., by the ratio
of two polynomials in the input variables. An effec-
tive rational filter tested in practice is introduced by
G. Ramponi: [1]

— _W(@a_1+Tny1)
Yn = wh(zn_1=Cny1)?+1

+(1 - ’Wk(xn—12—u;n+1)2+1)xn' (1)

In this paper the distribution of rational filtered
random variable is solved analytically in the special

NORSIG'98, Vigse, Denmark, June 1998

@

\

o
[N}
=}
IS
o
=)
=}
©
=

Figure 1: A contour plot of (2) for parameter values
a; =0.45,a,=0b5and b= 5

case where the rational filter is the simpliest possible
and the input signal is independently (0,1) uniformly
distributed.

2. ADDRESSED PROBLEM

Let X and Y be two independent (0,1} uniformly dis-
tributed random variables. The problem is to solve
the distribution of the random variable U defined as:

alX + CLQY

Vet =y 2)

whete a;, az and b are some nonnegative constants.

3. SOLUTION

To obtain the cumulative distribution function F(U)
we calculate the probability P(U < u) for values of u
from 0 to a1 + ay. For a fixed value of u F(u) equals
to the area restricted by the slope I—‘_’ﬁ(%f—z% < uin
the square with corners (0,0), (0,1), (1,0}, and (1,1)
in the zy-space.
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Figure 2: An example how the area to be integrated
grows from different corners

The idea 1s simple but in practice there are many
ways how the slope can cut the borders of the square.
In Figure 1 a contour plot of (2) is presented for pa-
rameter values a; = 0.45, as = 0.55 and & = 5. The
slope can be modelled by two function gy (z,u) and
g2(z, u) whose expressions can be solved from (2).

Figure 2 illustrate how the area to be integrated
grows from different corners. Unfortunately the or-
der 1s not always the same; for example the upper left
corner can come before than the right lower corner.
The order of critical values of u i.e., where signif-
icant charge in the integration area occurs depends
on parameters. Two first critical values of w, ﬁ-}? and
T3 are obtained by substituting the coordinates of
corners (1,0) and (0,1) to equation (2). Two second
critical values of u, % and 2“% are obtained from
(2) by setting 2 = 0 and y = 0 and finding u so
that the equation has only one solution. The critical
4b(a1+a2)+\/—16(12(2a1+a2)+16b2(a1+a2)

value ugp =
such a value of u that the cuttmg point of g1(z, u)
and go(z,u) is on the line y = 1. Accordingly what
values parameters ai, as and b have, there are five
different cases:

a(1+4b
l.b<land ay < NG

2. b>1and a; > as

3.bzla,ndal<c12<ﬂéljfgil
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= a1 (1+b
5. b< 1land ay > N

For the special case 3, where b > 1 and a; < a3 <

%—%Q ,the cumulative distribution function F(u) is
Fgl(u) ,0<u < ﬁ_“g
F32(u) ’1i+15 <u< i‘_fg

Gy
Flu) = Foolu) i < v <35 (3)

F34(u) ,%ﬁ<u<2\/—
Fas(u) 3% <u<uso
F3s(u) ,uao <u<ay+a,

where

ab(a1taz)+1/=16as(2a1+4a2)+16b%(a1+az)?

Up0 = b .

The expressions of functions Fsi,..., F3s consist
of square roots and second order terms. These func-
tions can be presented following way

S
Fai(u) = /Sp+2( a1+a2)51(Q_6_b21u_2)+
asS
V52Q + ;2 2
1
Fas(u) = §+—~+\/SQQ+R2——+Q)
1 + 2b +
Fa3(u) = —+——"|‘2\/52Qa2 bzuz
St
/Sy + 2(ay + az) Ri(Q + 57 )
Fag(u) = Fas(u)
Fas(u) = Faz(u) — 2/520Q
Fsg(u) = Fss{u),
where
Sy = ay — /a? — 4bu?
Sy = af — 4bu

Ri = a1 + 2bu — \/a% + dabu — 4bu?
Ry = /a3 — 4asbu + 4azbu — 4bu?

— 1
Q=S itarFanerer

In Figure 3 the cumulative distribution function is
presented for parameter values a; = 0.45, as = 0.5b
and b = 5. In Figure 4 the corresponding density
function is presented. For these parameter values the
expected value of value of the output of the filter is
0.22 and the variance of the output 0.04. In Figures 5,
6 and 7 the density functions are presented for cases
where a; = 0.45, as = 0.55 and & have values 10, 20
and 30, respectively. From these figures it is easy to
observe that the expected value and the variance of
the output decrease when b increases.
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. T . . Figure 7: The density function for parameter values
Figure 3: The cumulative distribution function for alg: 0.45, ay = 0.55 an b= 30 P

parameter values a; = 0.45, a3 =055 and b =5

6 4. CONCLUSIONS

5 In this paper the distribution of signal filtered by

. a simple rational filter is solved analytically in the
case where the input signals are (0,1) uniform. Al-
3 / though the rational filter is simple, the resulting cu-
) mulative distribution function is not simple at all. It
is possible to solve the cumulative distribution func-
1 tion for other rational filters in a similar way but as
illustrated above technical difficulties are expected.
0.2 0.4 0.6 0.8 1

These results motivate the efforts to find good ap-

proximation methods to obtain the output distribu-
Figure 4: The density function for parameter values tion in a more convenient manner.

a; =0.45,a2 =055 and b=5
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Iigure 5: The density function for parameter values
a; = 0.45, ag = 0.55 and b = 10
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Figure 6: The density function for parameter values

a1 = 0.45, as = 0.55 and b = 20
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