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Abstract

ally, a Bayesian NMF was proposed for image feature extraction
by assuming Gaussian likelihood and Exponential prior. The
model inference is then approximated via Gibbs sampling [12].
Another Bayesian NMF based on Poisson likelihood and Exponential prior was proposed for speech-music separation and
the Bayesian inference was approximated by using variational
Bayesian EM (VBEM) algorithm [13].
Deep learning has emerged as a powerful machine learning approach in recent years. Furthermore, it produces stateof-the-art results in many research ﬁelds such as speech recognition [14] and image recognition [15]. Deep learning uses a
hierarchical architecture to grasp high-level information [16] in
data for various classiﬁcation and regression tasks. In recent
years, there are attempts to incorporate the hierarchical architecture into the standard NMF, which has the single-layer architecture. For instance, the multi-layer NMF was proposed as a
sequential factorization for any NMF variants [17]. However,
the reconstruction error will increase with increasing number
of layers due to the lack of error correction procedures through
all layers. In [18], the deep semi-NMF was proposed to learn
a hierarchical representation of features from an image dataset
for attribute-based clustering. However, the nonnegative constraint, which only allows additive combinations of bases and is
not enforced in [18], might be needed for speech separation. In
[19], extended from [9], the iterative inference procedures of the
NMF were unfolded to mimic the architecture of the deep neural
network (DNN), however, its underlying structure is still singlelayer. Nevertheless, these works [17][18][20] tried to generalize the standard NMF to decompose a nonnegative matrix into
a product of a series of matrices.
In the same spirit but with different details, we propose a
layered nonnegative matrix factorization (L-NMF) algorithm
for single-channel speech separation in this paper. The proposed algorithm consists of several layers of NMFs and is implemented by ﬁrst stacking standard NMFs and then correcting the propagated reconstruction error. The L-NMF provides
a way for realizing more complex bases by combining sparse
parts-based bases extracted by the single layer NMF. We assume these more complex bases will give a better description to
the magnitude spectrogram and hence improve the separation
results.
The rest of the paper is organized as follows. Section 2
gives a brief review of the standard NMF and describes our proposed L-NMF. In section 3, we demonstrate the speech bases
learned from the proposed L-NMF with different numbers of
layers and the corresponding performance in speech separation.
We end in section 4 with some conclusions and future work.

This paper proposes a layered nonnegative matrix factorization
(L-NMF) algorithm for speech separation. The standard NMF
method extracts parts-based bases out of nonnegative training
data and is often used to separate mixed spectrograms. The
proposed L-NMF algorithm comprises of several layers of standard NMF blocks. During training, each layer of the L-NMF
is initialized separately and then ﬁne-tuned by minimizing the
propagated reconstruction error. More complicated bases of the
training data are emerged in deeper layers of the L-NMF by
progressively combining parts-based bases extracted in the ﬁrst
layer. In other words, these complicated bases contain collective information of the parts-based bases. The bases deciphered
by all layers are then used to separate spectrograms in the conventional NMF way. Simulation results show the proposed LNMF outperforms the standard NMF in terms of the source-todistortion ratio (SDR).
Index Terms: Layered NMF, dictionary learning, NMF, speech
separation

1. Introduction
The nonnegative matrix factorization (NMF) decomposes a
nonnegative matrix X into a product of a nonnegative dictionary
(or basis) matrix W and a nonnegative weight (activation) matrix H, such that X ≈ WH. The NMF is motivated by the visual
perception and its computational model produces a parts-based
representation [1]. It has been successfully utilized in a wide
range of research areas including, but not limited to, face recognition [2], blind source separation [3], document clustering [4],
and EEG classiﬁcation [5].
Extended from the basic NMF [1], many NMF variants
have been presented. For instance, the sparse NMF (SNMF)
was proposed to learn sparse representation for solving overcomplete problem [6]. Recently, the graph regularized NMF
(GNMF) was proposed to take the intrinsic geometric structure into consideration [7]. For audio signals, NMF can be directly applied to the Fourier magnitude spectrogram or its variants. For supervised speech separation, the convolutive NMF
(CNMF) [8] and was proposed to decipher the phone-like bases
by considering the dependencies across adjacent columns of input magnitude spectrogram. Furthermore, the NMF was optimized in a discriminative way for source separation [9]. To
decode the harmonic structure, the 2-dimensional CNMF was
proposed to identify musical notes for blind music separation
[10].
From a probabilistic perspective, the nonnegative elements
can be considered drawn from an underlying probability distribution. By using expectation-maximization (EM) algorithm,
the model of probabilistic latent variables can decompose the
probability of given nonnegative data into a product of two conditional probabilities given latent variables [11]. More gener-
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2. Proposed Method
In this section, we review the standard NMF and introduce our
proposed L-NMF.
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2.1. Standard NMF
NMF was proposed in the year 2000 [1] and has been successfully used in many applications. Given a nonnegative data ma×N
, NMF aims to decompose the data matrix
trix X ∈ RM
+
×K
and
into a product of two nonnegative matrices W ∈ RM
+
K×N
as follows
H ∈ R+

Xmn ≈ [WH]mn =
Wmk Hkn
(1)
k

The NMF decomposition is optimized by minimizing the reconstruction error between the observed data X and its reconstruction WH as follows
min D (X  WH)

W,H≥0

(2)
Figure 1: Layered NMF (L-NMF) model.

where D is the deﬁned cost function, which can be Euclidean
distance, Kullback-Leibler (KL) divergence , Itakura-Saito (IS)
divergence, and so on. Many algorithms were proposed by
performing alternating minimization. Multiplicative update
rules are simple and efﬁcient in inferring the model parameters
{W, H} as follows
W←W⊗

[∇W D]−
[∇W D]+

[∇H D]−
H←H⊗
[∇H D]+

Similar to the standard NMF, the multiplicative update rules for
all layers are derived as follows

(3)

[∇W(l) D]−
, ∀ l = 1, · · · , L
[∇W(l) D]+

H(L) ← H(L) ⊗

[∇H(L) D]−
[∇H(L) D]+

2.2. Layered NMF

W(1) ← W(1) ⊗

The generalized form of the factor analysis can be written as
[21]




X ≈ X̂ = g W(1) g W(2) g · · · g(W(L) H(L) )
(4)

W(2) ← W(2) ⊗
H(2) ← H(2) ⊗

where g(·) is a non-linear function. The standard NMF can then
be thought as a simple and shallow version of the factor analysis
with the nonnegative constraints and a linear function g(·). The
layered NMF with L layers can be written as follows
L

 (l)
X ≈ X̂ =
W
(5)
H(L)

XH(2)T W(2)T
W(1) W(2) H(2) H(2)T W(2)T
W(1)T VH(2)T

W(1)T W(1) W(2) H(2) H(2)T

(8)

W(2)T W(1)T X

W(2)T W(1)T W(1) W(2) H(2)

If a nonlinear function g(·) is used in the model, the update
rules can be easily modiﬁed by applying the chain rule of the
gradient. The pseudo code of the proposed L-NMF is given in
Algorithm 1.

3. Experiments and Results

l=1

This formulation depicts a hierarchical architecture with L layers as shown in Fig. 1. To construct the model, the model factors W(l) and H(L) are initialized layer by layer. In the ﬁrst
step, the standard (single-layer) NMF is performed to factorize
×K1
×N
X ≈ W(1) H(1) , where X ∈ RM
, W(1) ∈ RM
, and
+
+
K1 ×N
(1)
. Then the same factorization is performed on
H ∈ R+
the results obtained from the ﬁrst step as H(1) ≈ W(2) H(2) ,
1 ×K2
2 ×N
where W(2) ∈ RK
and H(2) ∈ RK
. We continue
+
+
the same procedure to pre-train all layers. After the initialization, we have to ﬁne-tune the parameters of all layers, W(l) and
H(L) , to reduce the total reconstruction error as follows

L


 (l)
(L)
D X
W
min
H
, ∀ l = 1, · · · , L
l=1

(7)

where [∇W(l) D]+ and [∇W(l) D]− denote the positive and
negative parts of the gradient with respect to each layer W(l) ;
[∇H(L) D]+ and [∇H(L) D]− denote the positive and negative
parts of the gradient with respect to H(L) .
For instance, if the Euclidean distance is chosen as the cost
function and the number of layers L is set to 2, the multiplicative update rules are

where ⊗ denotes a element-wise multiplication; the division is
also element-wise; [∇W D]+ and [∇W D]− indicate the positive and negative parts of the gradient with respect to W, respectively. Similarly, [∇H D]+ and [∇H D]+ are the positive
and negative parts of the gradient with respect to H, respectively.

W(l) ,H(L) ≥0

W(l) ← W(l) ⊗

3.1. Learning Bases
In the ﬁrst experiment, we examined the speech bases derived
by the standard NMF and the proposed L-NMF algorithms.
The Fourier magnitude spectrograms of the sentences spoken
by a female speaker in TIMIT corpus [22] were concatenated
for learning the speech bases W. Fig. 2(a) depicts the thirty
bases learned by the standard NMF (as the L-NMF with the
parameters of L = 1 and K = 30). Similar to results demonstrated in the literature, we can observe that W contains partsbased information of speech spectra. Fig. 2(b) and (c) respectively show the basis matrices W(1) and W(1) W(2) learned by
the proposed L-NMF with parameters of L = 2, K1 = 180
and K2 = 30. Comparing Fig. 2(c) with Fig. 2(a), the
thirty bases deciphered by W(1) W(2) contains more complex
structures, which are formed by linearly combining parts-based

(6)
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Algorithm 1 Layered NMF

ĩŢĪ

M ×N
Require: X ∈ R+
, number of layers (L), and sizes of
each layer (K1 , · · · , KL )

Frequency (kHz)

8
6

Initialize layers
for l = 1 to L − 1 do
if l = 1 then


W(l) , H(l) = argminW(l) ,H(l) ≥0 D X  W(l) H(l)
else
W(l+1) , H(l+1) =


argminW(l+1) ,H(l+1) ≥0 D H(l)  W(l+1) H(l+1)
end if
end for

4
2
0

5

10
15
20
Basis Index

25

30

ĩţĪ

Fine-tune across all layers
repeat
for l = 1 to L do
[∇ (l) D]−
W(l) ← W(l) ⊗ [∇W D]+ , ∀ l = 1, · · · , L

Frequency (kHz)

8
6

W(l)

4

H(L) ← H(L) ⊗
end for
until Converge
return W(l) , H(L)

2
0

50

100
Basis Index

150

ĩŤĪ

Frequency (kHz)

6
4
2

5

10
15
20
Basis Index

25

H

frame duration and a 10-ms frame shift was calculated to obtain
the Fourier magnitude spectrograms. For speech separation using the standard NMF, the NMF was applied to the magnitude
spectrograms of training data for ﬁnding bases of the female
speaker Wf and the male speaker Wm via Xtrain
≈ W f Hf
f
and Xtrain
≈ Wm Hm , respectively. In the test phase, we
m
aimed to separate the mixed spectrogram Xmix by estimating
the weight matrix Ĥ = [Ĥf ; Ĥm ] with the trained bases Wf
and Wm such that Xmix ≈ [Wf , Wm ]Ĥ. The separated
spectrograms were then obtained by applying the Wiener gain
as follows
Wf Ĥf
X̂f = Xmix ⊗
[Wf , Wm ]Ĥ
(9)
Wm Ĥm
X̂m = Xmix ⊗
[Wf , Wm ]Ĥ

8

0

[∇ (L) D]−
H
[∇ (L) D]+

30

Figure 2: Speech bases learned from NMF and L-NMF; (a) W;
(b) W(1) ; (c) W(1) W(2) .

Finally, the separated speech signals were obtained by inverting the separated spectrograms using the inverse STFT with the
overlap-and-add technique. In our experiments, the numbers of
trained bases of each speaker ranged from 10 to 50 [23].
In the simulations, each mixture was generated by adding
one sentence from a female speaker and one different sentence
from a male speaker. There were 20 test mixtures created from
two female-male pairs (fcjf0 & mcpm0, fdaw0 & mdac0). All
sentences were normalized to be with equal power. The remaining 9 sentences of each speaker were used for training. In our
method, we set K2 is six times of K1 to extract the basis matrices of two layers for each speaker. Then W(1) and W(2) were
multiplied together to form the ﬁnal bases of the corresponding
speaker. After bases were learned, the separation was done in
the same way as by the conventional NMF-based method. The
separation performance of the proposed algorithm was assessed
using the source-to-distortion ratio (SDR) [24] and results of
the standard NMF and the proposed L-NMF against numbers
of bases are shown in Fig. 3. Five different random initializations to our L-NMF were performed when separating each

bases W(1) using the factor W(2) . For examples, the 4th, 17th
and the 18th bases shown in Fig. 2(c) contain clear structures
only above 4 kHz, resembling the spectra of three types of consonants. In contrast, only one consonant basis above 4 kHz is
obtained by the standard NMF as the 25th basis in Fig. 2(a).
Furthermore, we also tried L-NMF with the parameter L = 3.
Unfortunately, it didn’t produce bases with signiﬁcant difference but required a great deal of computations. Therefore, we
used the L-NMF with the parameter L = 2 for speech separation tasks.
3.2. Speech Separation
The second experiment was a supervised speaker-dependent
speech separation task. Two sets of mixtures, which contain
sentences from one female and one male speakers in TIMIT
corpus (fcjf0 & mcpm0, fdaw0 & mdac0), were selected as
test materials to evaluate the proposed L-NMF algorithm. The
1024-point short-term Fourier transform (STFT) with a 40-ms
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