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ABSTRACT

In this paper, we apply signal approximation theory to

estimate the articulatory trajectory for a nonlinear speech

synthesizer. First, we analyze the L2 error bounds of inter-

polation and LS approximation in the Hilbert space frame-

work. Second, we use two signal approximation techniques,

speci�cally, cubic spline interpolation and the LS approx-

imation to estimate the trajectory of articulatory param-

eters given the static articulatory parameters of discrete

phonemes. In our articulatory speech synthesizer, we as-

sume that the sound propagation inside the human vocal

tract is a three-dimensional non-plane wave propagation in-

side a viscous uid described by the governing Navier-Stoke

equations. Finally, we present some experimental results

of the estimated articulatory trajectories of English diph-

thongs and the synthesized phonemes.

1. INTRODUCTION

Articulatory synthesis is a parametric approach which at-

tempts to produce speech by �rst understanding how the vo-

cal apparatus changes shape during speech production, then

understanding the acoustic problem of how those move-

ments translate into sounds. One important problem in

articulatory speech synthesis is to estimate the articulatory

movement patterns during speech production. Several tech-

niques exist for the motor control problem of speech produc-

tion. Saltzman et al. proposed a task-dynamic model based

on the assumption that the motion of vocal tract variables

can be described by damped, second-order linear di�eren-

tial equations [1]. Nelson designed several articulator motor

control systems based on some minimum cost principles [3].

In this paper, we applied signal approximation theory in

the Hilbert space framework to estimate the dynamic artic-

ulatory trajectory for speech synthesis. The advantage of

our approach is that it provides a general framework and

some quantitative error bounds can be attained. This pa-

per is organized as following. In section 2, we will �rst

review some principles of signal approximation theory and

analyze the pointwise error bounds and the L2 error bounds

of (quasi-)interpolation and least squares (LS) approxima-

tion methods, respectively. In section 3, we describe the

application to dynamic articulatory parameter estimation.

The experimental results of articulatory speech synthesis

are presented in section 4. Finally, a conclusion is made in

section 5.

2. ERROR BOUND ANALYSIS OF SIGNAL
APPROXIMATION

Suppose that we are given a vector space of functions X

and a set of samples from a function x(t) 2 X, the objec-

tive of signal approximation is to �nd an element x̂ 2 X

that is the optimal approximation to x(t) according to cer-

tain minimum error criterion. In practice, most researchers

use short kernel methods such as bilinear interpolation, cu-

bic convolution or polynomial spline interpolation, which

are much more e�cient to implement, especially in higher

dimensions. These methods are all convolution-based in the

sense that they use an interpolation model of the form:

(Ihs)(x) =
X

k2Z

ch(k)'(
x

h
� k) (1)

where h is the sampling step and '(x) is the basic interpola-

tion kernel. The expansion coe�cients in Eq. (1) typically

correspond to the samples of the input function s(x) taken

on a uniform grid: ch(k) = s(hk).

More recently, researchers have proposed a systematic

formulation of this class of representations using the Hilbert

space framework. Let's de�ne the signal subspace as Vh =

spanf'( x
h
�k)gk2Z. A more sophisticated approach for ob-

taining a representation of the signal s(x) 2 L2 in Vh(') is

to determine its minimum L2-norm approximation (orthog-

onal projection). This LS approximation is given by:

(Phs)(x) =
X

k2Z

c(k)'(
x

h
� k) (2)

c(k) =
1

h
< s(x); ~'(

x

h
� k) > (3)

where < �; � > denotes inner product, ~' is the dual of ' and

is de�ned by:

~�(!) =
�(!)

a'(!)
(4)

a'(!) =
X

n2Z

j�(! + 2n�)j
2

(5)
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where �(!) and ~�(!) denote the Fourier transforms of '(x)

and ~'(x), respectively.

In this section, we will briey compare the L2 error

bounds of interpolation and LS approximation. The de-

tailed proof is not included in this paper, but some relevant

information can be found in [6], [7].

2.1. L2 Error of Interpolation

The L2 error bound of the interpolator is given as following.

If ' is a quasi-interpolant of order L with su�cient decay,

then:

8s 2W
L
2 ; ks� Ihsk2 � C';L � h

L
� ks

(L)
k2 (6)

C';L =
1

L!
sup

x2[0;1]

X

k2Z

jx� kj
L
j'(x� k)j (7)

where s(L)(x) is the L-th derivative of s(x), and WL
2 is the

Sobolev space of all functions whose �rst L derivatives be-

long to a L2 space. Here the L2 is the space of measurable,

square-integrable, real-valued functions.

2.2. L2 Error of the LS Approximation

The Fourier representation of the LS approximation of Eq.

(2) is given by:

^(Phs)(!) = �(h!)
X

k2Z

~�(h! + 2�k)S(! +
2�

h
k) (8)

The approximation error in the Fourier domain can be de-

composed into two components.

S(!)� ^(Phs)(!) = e1(!) + e2(!) (9)

e1(!) = [1�
j�(h!)j2

a'(h!)
]S(!) (10)

e2(!) = �
X

k 6=0

�(h!)

a'(h!)
� �(h! + 2�k) � S(! +

2�

h
k) (11)

where e1(!) and e2(!) denotes the in-band error and out-

of-band error, respectively. The L2 error bound of the LS

approximation is described as following. If �(m)(2�k) =

0; k 2 Z; k 6= 0 and m = 0; � � � ; L � 1, then:

8s 2W
2L
2 ; ks�Phsk2 � K';2L�h

2L
�ks

(2L)
k2+K

1=2

';2L�h
L
�kS

(L)
k2

(12)

K';2L =
1

(2L)!
�
1

A
� sup

�

j

X

k 6=0

(j�j
2
)
(2L)

(� + 2�k)j (13)

where A = inf! [a'(!)] is the lower Riesz bound.

2.3. Comparision

The error bound for the LS approximation consists of two

distinct terms that represent the in-band (e1) and out-of-

band (e2) contribution of the error, respectively. For small

values of h, the �rst part of the error becomes negligible and

the bound is dominated by the second O(hL) term. The

corresponding constant K
1=2

';2L turns out to be smaller than

the constant C';L in Eq. (6). This is a �rst indication that

there is an advantage in using least squares over interpola-

tion. In addition, we note that in the case of larger values

of h, the �rst term in the LS error bounds becomes dom-

inant and it has the characteristic form of the error of an

interpolator of order 2L. We further observe that the func-

tion �2L(!) =
j�(!)j2

a'(!)
represents the frequency response of

an interpolator of order 2L, Therefore under the condition

that ke1k � ke2k, the LS solution of order L should per-

form as well as the corresponding interpolator with twice

the order. This condition typically arises for larger h when

the signal is somewhat undersampled. In the following sec-

tion, we will apply this observation to a speci�c task where

the observed discrete signal is undersampled.

3. DYNAMIC ARTICULATORY PARAMETER
ESTIMATION

3.1. Review of Speech Production Models

The conventional source-�lter speech production model as-

sumes that speech is generated when sound sources excite

a time-varying linear �lter. The wave propagation inside

the vocal tract is considered as a one-dimensional plane

wave travelling through a concatenation of lossless acoustic

tubes. This assumption leads to the linear predictive cod-

ing (LPC) model which is succefully used in most speech

processing scenarios. However, researchers have revealed

that the dynamics of speech airow will create various de-

grees of turbulence during the production of speech sounds

by the human vocal apparatus. This leads to articulatory

speech production model which is based on the fundamental

physics of the human vocal appratus. In this model, the hu-

man vocal tract is treated as a three-dimensional geometry

described by several physical parameters.

P
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C

Figure 1. Coker's articulatory model.

Fig. 1 shows an articulatory model proposed by Coker

in [4]. In this model, the midsaggital section of the hu-

man vocal tract was described by eight physical parameters

: tongue body height (Y); anterior/posterior position of

the tongue body (X); pharyngeal opening (P); tongue tip

height (B); tongue tip curl (R); lip opening (W); lip pro-

trusion (C); and vocal tract length (L). The production of



speech can be described as a combinative process that uses

a limited set of units to produce a very large number of lin-

guistically well-formed utterances. Segmental speech units

such as phonemes are usually seen as discrete, static and in-

variant across a variety of contexts. The static articulatory

parameters for di�erent phonemes can be estimated based

on minimizing the di�erence between the natural speech

spectra and the model spectra computed from the Webster

equation [5]. However, the shape of the vocal tract changes

continuously during the speech production. These changes

in shape are produced by the movements of a number of

relatively independent articulators such as velum, tongue,

lips and jaw. Once the dynamic articulatory parameters

are estimated using certain approximation technique such

as interpolation or LS approach, we can convert them into

three-dimensional vocal tract shape and use it as the bound-

ary condition for the solution of Navier-Stokes equations.

3.2. Estimation of Dynamic Articulatory Parame-
ters

Suppose we are given N discrete phonemes with their

static articulatory parameters denoted by sm(n); m =

1; 2; � � �M; n = 1; 2; � � � ; N , where M denotes the num-

ber of articulatory parameters per phoneme (M = 8 in our

case). Our objective is to estimate the dynamic articulatory

parameters between consecutive phonemes. This problem

can be restated: given N discrete observations sm(n) of

M continuous functions sm(x), we want to construct the

functions ŝm(x) which are an \optimal" approximation to

sm(x) according to a certain criterion. Due to the physical

constraints of the human vocal apparatus, all of its parame-

ters such as tongue body height have �nite values and their

Lth derivatives also have �nite value. Thus the functions

sm(x) 2 WL
2 and we can use the interpolation or LS approx-

imation discussed above to solve the dynamic parameter es-

timation problem. In this paper, we investigated the cubic

spline interpolation and the LS approximation discussed in

previous section.

The LS approximation in Eq. (2) can be implemented by

�rst pre�ltering the discrete data sm(n) = sm(x)jx=nh by

an \optimal" �lter P (z), which yields the sequence c(k) in

Eq. (3), and then by applying the interpolation in Eq. (1).
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Figure 2. First articulatory parameter trajectory.

Figures (2) - (3) shows the estimated dynamic articula-
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Figure 3. Second articulatory parameter trajectory.

tory parameters (the �rst and the second articulatory pa-

rameter) of English sentence \Where were you while we

were away" using the approximation methods discussed

above. For each �gure, the circle points denotes the static

articulatory parameters computed from the method in [5].

For example, the �rst circle in Fig. (2) denotes the �rst

articulatory parameter (anterior/posterior position of the

tongue body) of the �rst phoneme /w/; the dashed line de-

notes the approximated continuous articulatory parameters

using the cubic spline interpolation method; and the solid

line denotes the estimated continuous articulatory parame-

ters using the LS approximation approach. We can see from

these �gures the LS approach achieve smoother approxi-

mation of the articulatory parameter trajectory over time

and don't have the \overshooting" problems of cubic spline

methods. One hypothesis in human speech production is

the \minumum jerk" hypothesis, which says that speech

movements are planned to avoid sudden force changes [3].

We can see from these �gures that the LS solution tends

to be consistent with this hypothesis because its trajectory

doesn't have the abrupt changes which exist in some regions

of the cubic spline solutions.

4. EXPERIMENTAL RESULTS

Figure 4. Snapshots of the vocal tract movements
of phoneme /EH/ in /W/-/EH/-/R/.



Fig. 4 shows snapshots of the estimated vocal tract move-

ments of phoneme /EH/ in /W/-/EH/-/R/ (\were") using

the LS approximation technique described above. We can

see from this �gure that the LS approximation method can

successfully estimate the articulatory trajectory and thus

the dynamic vocal tract movements. Although the vocal

tract shape of the phoneme /EH/ is relatively static when

produced in isolation, we can see from this �gure that the

vocal tract geometry of /EH/ will change dynamically with

respect to its neighbor phonemes, resulting in the acoustic

changes which are called coarticulation in phonetics.

In our articulatory speech synthesizer, sound propagation

inside the vocal apparatus is treated as a three-dimensional

non-plane wave propagation inside a viscous uid described

by Navier-Stokes equations. In our synthesizer, the excita-

tion signal was generated by specifying a time varying area

at the inlet of the pharyngeal cavity and a sawtooth wave-

form was used to represent the area variation in time. A

K-epsilon turbulence model was used to represent the e�ect

of turbulence. Two di�erent initial conditions were applied

at the inlet of the vocal tract. One is based on specifying

the volume velocity and the other is based on specifying

the partical velocity, respectively. We converted the esti-

mated articulatory trajectory into athree-dimensional vocal

tract shape and use it as the boundary conditions for the

solution of slightly compressible Reynold-Averaged Navier-

Stokes (RANS) equations which can be written in the tensor

expression :

M
2 @p

@t
+
@�i

@xi
= 0 (14)

@�i

@t
+
@�i�j

@xj
= �

@p

@xi
+

@

@xj
[
( + t)

Re

@�i

@xj
] (15)

where M is the Mach number, �i denotes the mean veloc-

ity components, p denotes the static pressure,  denotes

the kinematic viscosity, t is the turbulent eddy viscosity

coe�cient and Re is the Reynold number.
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Figure 5. Waveform of the synthesized dipthong
/AY/ (\uy" in buy).

Fig. 5 shows the waveform of the synthesized dipthong

/AY/ (\uy" in buy).

5. CONCLUSION

It's clear that more knowledge about the speech produc-

tion process might lead to improved speech synthesis and

other speech processing systems. Signal approximation in

the framework of Hilbert space [6] provides a powerful tool

for articulator motor control because it is more e�cient to

implement in high dimensions and has more quantitative

error bounds than the conventional interpolation technique

based on Shannon's sampling theory. The LS approxima-

tion approach has a smaller error bound than the interpola-

tion approach, especially in the case of under-sampling. Ex-

perimental results showed that the LS approach can success-

fully estimate the dynamic articulatory trajectory. Navier-

Stokes equations describe uid ow inside human vocal ap-

paratus based on �rst principles of physics and has the

potential to synthesize highly intelligible, natural sounding

speech signal. The future work includes construction of the

articulatory model based on magnetic resonance imaging

(MRI) data and the synthesis of sentences.
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