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ABSTRACT

In this paper we describe a sinusoidal analysis and synthesis
framework which uses a novel method of extracting the sinu-
soidal components and fundamental frequency. This method is
based on a mapping from linearly spaced filter centre frequencies
to the instantaneous frequencies of the filter outputs. Frequency
domain fixed points are obtained from this mapping which re-
sult in the extraction of the constituent sinusoidal components of
the input signal. A robust fundamental frequency extraction tech-
nique based on a wavelet representation of this model is also used.
These form the essential parts of the sinusoidal analysis frame-
work which also includes a sinusoidal component trajectory con-
tinuation scheme. In order to reconstruct the spectrum, the inverse
FFT method is used in synthesis [3]. This model has been shown
to produce speech of high quality and is also applicable to other
sound sources.

1. INTRODUCTION

The desire to develop a more efficient and general representation
of the speech signal led to the development of the sinusoidal model
of speech in the mid-1980’s. McAulay and Quatieri originally ex-
panded the model to be useful, flexible and intuitive for speech and
audio signals and lend itself well to many applications [7]. A syn-
thetic signal based on this model can be obtained using a spectral
amplitude representation and an estimate of the fundamental fre-
quency. The phase is defined as the integral of the instantaneous
frequencies [4] of the component sinusoids. A signal s(n) can be
modelled as a sum of these sinusoids weighted by their amplitudes
given by

s(n) =
X
j

Aj(n) cos[�j(n)] + e(n) (1)

whereAj(n) is the amplitude and �j(n) is the time-varying phase
of the jth component. In this original model, the sinusoidal com-
ponents were obtained through a search in the spectral domain for
a harmonic structure. The phase of each harmonic is chosen during
reconstruction of speech such that the mismatch with the previous
frame is minimised. The fundamental frequency is extracted and
used in a sinusoidal trajectory continuation scheme over time. The
term e(n) represents an estimate of a residual obtained from the
in-harmonic components of the spectrum, which is added in the
synthesis procedure.

The current implementation of the STRAIGHT system [6] uses
a robust, instantaneous frequency based estimate of the fundamen-
tal frequency. This system has been shown to produce speech of
very high quality [8] and is a robust and instructive tool for speech
applications such as in speech perception research. However, since
this system is based on the source-filter model, analysis and syn-
thesis of non-speech sounds is difficult.

In the sinusoidal system to be described in this paper, the un-
derlying principle of the STRAIGHT system for harmonic struc-
ture representation of a sound is applied to the sinusoidal model.
The sinusoidal components are extracted based on the principles of
time-frequency representation and instantaneous frequency which
are the basis for the definition of phase in the original model for
sinusoidal analysis described by McAulay and Quatirei.

In the following sections, an overview of the method developed
for obtaining the sinusoidal components using a mapping of filter
center frequency to instantaneous frequency is given. A descrip-
tion of the overall analysis-synthesis system including the funda-
mental frequency extraction scheme devised based on this map-
ping is then given. A sinusoidal component trajectory continua-
tion scheme is applied to the extracted sinusoidal component can-
didates, referred to as fixed points, of the mapping is described.
The synthesis scheme is an adaptation of the patented inverse FFT
synthesis technique of Depalle and Rodet [3].

2. FREQUENCY-TO-INSTANTANEOUS FREQUENCY
MAPPING

The proposed method is implemented using band-pass filters that
are equally spaced on a linear frequency axis in order to extract
stable fixed points in the mapping from the filter center frequencies
to the instantaneous frequencies of the filter outputs.

A STFT of the signal x(t)with a window function h(t) given by
X(!; t) below can be represented by its real and imaginary parts
a, and b as

X(!; t) =

Z
1

�1

x(� )h(� � t)e�j!td� = a+ jb (2)

Using this representation and Flanagan’s method [4] we obtain the
instantaneous frequencies �(!; t) as

�(!; t) = ! +
a
@b
@t
� b

@a
@t

a2 + b2
: (3)

From the above representation of the instantaneous frequency, the
following constraints are used to locate stable frequency compo-

����������	�
��	���������������������
�	���	����������
��������������

��
�
�����
�	

���� ���!�"��������

ISCA Archive
����#$$%%%&
��	"������&���$	���
'�

10
.2

14
37

/I
C

SL
P.

20
00

-9
06



nents 	f (t) which are referred to as fixed points. These con-
straints are based on the rate of change of the mapping between
frequency and instantaneous frequency [1] given by

	f (t) = f j �( ; t)�  = 0;

@

@ 
(�( ; t)�  ) < 0g (4)

The corresponding power of each extracted fixed point 	f (t) can
be obtained from the power spectrum and the power distribution
function can be defined as

	p(!; t) =

(
jX(!; t)j if ! 2 	f (t)

0 otherwise
(5)

Figure 1 shows the fixed points obtained from this mapping in a
single frame of the Japanese vowel /a/ spoken by a male speaker.
The staircase shape of the mapping indicates the harmonic struc-
ture of the voiced sound. The extracted fixed points are indicated
by circles at the points of intersection of � = ! line and the ! and
�(!; t) mapping plot. The corresponding magnitude spectrum in-
dicating the location of the fixed points in the spectrum is also
shown in this figure, indicating the correspondence between the
sinusoidal components of the signal and the extracted fixed points
using frequency-to-instantaneous frequency mapping.
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Figure 1. Frequency-to-instantaneous frequency mapping for a frame of

a sustained Japanese vowel /a/ spoken by a male speaker (top). The � = !

line is also shown. Extracted fixed points are represented using circles. The

magnitude spectrum with circles representing the extracted fixed points is

shown in the bottom plot.

2.1. Fundamental Frequency Extraction

The relationship between fixed points and the sinusoidal compo-
nents also hold on a non-linear frequency axis. Kawahara et al.
described a fundamental frequency (F0) extraction method based
on a logarithmic frequency axis [6]. This method extracts F0 as
the instantaneous frequency of a fixed point that has the highest
carrier-to-noise (C/N) ratio over the frequency range. Due to its
wavelet based filter design, the highest C/N ratio is obtained if and
only if a fixed point centered in a filter corresponds to the funda-
mental component. The C/N ratio is obtained using geometrical
parameters in the vicinity of the fixed point [6].

Recent evaluation of this F0 extraction scheme has been car-
ried out using an EGG database of Japanese speech devised for
F0 accuracy estimation [2]. In the initial stage of extracting the
fundamental frequency without any post-processing, a gross error
rate of 0.727% for female speakers and 1.4% for male speakers in
the EGG database was obtained. Kawahara et al. [6] performed
post-processing and refinement after obtaining this initial estimate
of F0 and effectively reduced this gross error rate by more than
half. However, this initial score itself emphasises the high accu-
racy of the fixed points based sinusoidal component and F0 ex-
traction schemes.

3. FIXED-POINTS BASED SINUSOIDAL SYSTEM

Based on the fixed points method of extracting candidates of si-
nusoidal components and extraction of fundamental frequency, a
sinusoidal analysis synthesis system has been developed. The var-
ious parts and issues in the design of this system are described in
this section.

3.1. Effects of Windowing

Figure 2 illustrates the effect of different window functions on the
fixed points for a sustained Japanese vowel /a/ spoken by a male
speaker. The speaker was instructed to keep the fundamental fre-
quency of the sustained vowel constant (' 130 Hz). The sampling
frequency of the signal is 22050 Hz. The figure shows the fixed
points obtained using the Hamming window of length 32 msec and
a Blackman window of the same length. The fixed points obtained
using an isometric Gaussian window convolved with a second-
order cardinal B-spline [6] are also shown. The latter window is
fundamental frequency adaptive and has fine temporal resolution
as well as high interference rejection from adjacent harmonics.

For the Hamming window, the extracted fixed points have large
interference from adjacent harmonics. Although a sinusoidal tra-
jectory continuation scheme, to be described in Section 3.2, would
yield the underlying sinusoidal trajectories over time, it is clear that
the other two windowing schemes would result in far less search
in this continuation and cleaning process and far more stable fixed
points are obtained. In the time-frequency plots of Figure 2(b) and
2(c) almost all the fixed points are located at harmonic frequencies.

The fixed point trajectories described above are results from a
single case of a male speaker in order to demonstrate the stability
of this fixed points extraction method. However, in application to
other sounds, including speech of male and female speakers, it was
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Figure 2. Fixed points obtained for a sustained Japanese vowel /a/ spoken

by a male speaker using (a) Hamming window, (b) Blackman window and

(c) isometric Gaussian convolved with a B-spline. The latter window is

fundamental frequency adaptive.

deduced that a fundamental frequency based windowing scheme
results in more stable fixed points. In the inverse FFT synthe-
sis scheme, to be described in section 3.3, a Blackman window
in the frequency domain is used to represent a sinusoidal compo-
nent. For consistency, the Blackman was selected in analysis also.
However, the window length is made adaptive to the fundamen-
tal period which was found to guarantee constant time-frequency
trade off over the entire source signal. An example for the word
“JAWS” is shown in Figure 3 illustrating how well the fixed points
extracted using the adaptive Blackman window correspond to the
narrow band spectrogram without the application of a sinusoidal
continuation scheme.
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Figure 3. Fixed points extracted for the word “JAWS” spoken by a male

speaker.

3.2. Fixed Point Continuation

Prior to synthesis a continuation scheme is used in order to track
the fixed point components 	f(t) over time. It is desirable to have
a continuation scheme that employs some of the characteristics of
the sound [7]. This scheme uses such information to devise a set
of guides to advance in time, searching and selecting stable trajec-
tories of the extracted fixed points. Guides are created at the start
of analysis where their frequencies are set according to the har-
monic series of the extracted fundamental. By using the current
F0 and the previous fixed point peak magnitudes, the adaptation of
the guides to the instantaneous changes of the sound is controlled.
Based on the harmonicity of the sound, weight is given to the use
of F0 or fixed point peak information. Every peak is assigned to its
closest guide within a given frequency deviation. If a guide does
not find a match the trajectory is stopped. A new guide is born
from the highest fixed point peak of the current frame that may
have been rejected by the guide selection procedure. Once the tra-
jectories have been continued for a few frames, the short trajecto-
ries can be deleted and the small gaps in discontinuous trajectories
can be filled by interpolation.

Figure 4 shows the sinusoidal components obtained from a seg-
ment of speech plotted over a narrow band spectrogram of the
segment. Rapid changes in the sinusoidal components are clearly
detected and tracked. Even in the short in-harmonic regions, the
components with high energy have been extracted.

3.3. Inverse FFT Synthesis

The motivation for using the inverse FFT in sinusoidal synthesis
[3] is its speed and flexibility, allowing independent control of the
sinusoidal components in the sound. This technique also provides
an efficient method for adding coloured noise. The main idea
behind inverse FFT synthesis is that, instead of performing the
method of sum-of-sinusoids described by equation 1, we use the
fast Fourier transform for the conversion from the spectral to tem-
poral domain in sinusoidal synthesis. Interpolation of the phase
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Figure 4. Narrow band spectrogram of a segment of speech with si-

nusoidal trajectories (white lines) after the application of the continuation

scheme.

between frame boundaries is done using a linear model and the am-
plitudes between frame boundaries are also linearly interpolated.

The instantaneous frequency based framework of this proposed
method provides phase information at the fixed points. By using
the phase information from the in-harmonic fixed points, an esti-
mate of the residual e(n) in Equation 1 is obtained. This residual
can then be used in synthesis. However, in general this phase infor-
mation is a rather fragile attribute of the signal. An event detection
scheme [5] may provide proper positioning of the analysis window
where phase information is more stable.

Figure 5 shows the waveform and spectrogram of original
speech and the synthesised speech obtained using the fixed points
based sinusoidal system. It can be seen that the phase structure
is intact and the quality of speech obtained is found to be very
high. Some further development is required for better detection
and synthesis of attack regions of sounds. Some listening material
is provided on the URL page provided at the begining of this paper.

4. CONCLUSION

Fixed points based sinusoidal model using frequency-to-
instantaneous frequency mapping is a good and intuitive represen-
tation, as the original form of the sinusoidal model is based on
the instantaneous frequencies. The spurious conditions inherent in
standard spectral based sinusoidal extraction schemes have been
minimised by this model. This instantaneous frequency represen-
tation is self contained and is used for simultaneous extraction of
harmonic and in-harmonic components. Further work is required
in evaluating the model for application to non-speech sounds and
inclusion of an event detection scheme for a more stable phase in-
formation representation.
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Figure 5. Comparison plot of original waveform and spectrogram (top

two) and synthesised waveform spectrogram (bottom two).
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