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Abstract

This article describes a F0 curve estimation scheme based
on a B-spline model1. We compare this model with more
classical spline representation. The free parameters of
both models are the number of knots and their location.
An optimal location is proposed using a simulated an-
nealing strategy. Experiments on real F0 curves confirm
the adequacy and good performance of the B-spline ap-
proach, estimated via the least-square error criterion.

1. Introduction

Intonational speech models are widely used in the speech
technology field. Text-to-Speech synthesis, TTS, is cer-
tainly the speech technology which cannot circumvent
the use of such a model. During the past years, TTS
systems tried to predict melodic curves from text mes-
sages and speaking styles. More recently these models
were used in order to find an optimal sequence of acoustic
units. Under this new paradigm, a search strategy relies
on both acoustic and prosodic features [1].

Although intonation is a combination of numerous
factors, this article focuses on the fundamental frequency,
F0, which is the most prominent. F0 contours, extracted
from the speech signal, represent the vibration of the vo-
cal folds over time. A wide range of publications have
reported on efforts in modeling F0 evolution. In this arti-
cle, we propose a parametric representation of F0 curves
considering a least-squares optimization framework. We
do not cover the issue concerning the phonological con-
trol of the melodic model. Our main goal is to propose
a robust model with few degrees of freedom suitable to
analyze and to generate F0 contours. We interpret the F0

contour at the utterance level as a roughly smooth curve
which can be highly perturbed at local time instants.

Most of the reported publications on generative and
parametric models, like Tilt [2] or MoMel [3], consider,
most of the time, a two steps approach. First, break-
ing points are founded along the time axis (MoMel use
sliding quadratic polynomials to achieve this task) and,
next, a spline interpolation is performed given the break-

1The authors wish to thank FT division R&D for their support in
providing the speech databases.

ing points. Our approach seems to differ from the previ-
ously cited ones in that we consider a generative model
which contains intrinsically smoothing properties and lo-
cal irregularities. We propose a methodology to take into
account these two discrepancies.

We introduce in this article a B-spline F0 model. Un-
like spline piecewise interpolation or penalized spline
smoothing [5], B-spline curve can incorporate local con-
straints (for example a discontinuity), without affecting
the overall shape of the estimated curve. Moreover, this
approach permits to express certain parameters in order to
reduce the least-square error. Section 2 describes the B-
spline model, its main properties and a short comparison
with spline representation. We expose the free-knot issue
and the solution we propose using global optimization
procedure with a simulated-annealing algorithm. Section
3 illustrates the B-spline model application on speech sig-
nals. Section 4 summarizes the contributions of the paper.

2. Model overview

First, we describe the B-spline model, its ability to model
one dimensional open curves and the parameter estima-
tion in a least-squares sense. Second, the free-knot opti-
mization is formalized as a global statistical optimization.

2.1. B-spline curve model

2.1.1. B-splines

In this section, we briefly introduce the B-spline func-
tions, their main properties and the associated curves [4].
Let us consider a sequence of real numbers t0 ≤ . . . ≤ tk.
The value ti is called a knot and its multiplicity denotes
the number of times it appears in the knot sequence. The
B-splines of degree 0 are given, for i = 0, . . . , k − 1, by

Bi
0(t) =

{
1 if t ∈ [ti, ti+1)
0 otherwise.

The B-splines of degree m are defined recursively as
quasi-convex combinations of two B-splines of degree
m − 1 : for i = 0, . . . , k − m − 1,

Bi
m(t) =

t − ti

ti+m − ti
Bi

m−1(t)+
ti+m+1 − t

ti+m+1 − ti+1

Bi+1

m−1(t) ,
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where, by convention, fraction equals zero in case of null
denominator. Notice that, by induction, Bi

m is built from
Bi

0, . . . , B
i+m
0 and then vanishes outside [ti, ti+m+1).

Moreover, Bi
m is a non-negative polynomial function of

degree m between the instants ti, . . . , ti+m+1.
We can now define the B-spline curve and discuss the

impact of its parameters. Given a set of (k − m) con-
trol points c0, . . . , ck−m−1 ∈ R, the associated B-spline
curve, g(t), of degree m is defined as the weighted sum
of the control points

g(t) =

k−m−1∑
i=0

Bi
m(t)ci for t ∈ [t0, tk). (1)

Suppose we change the position of the ith control point
ci. This change alters the term Bi

m(t)ci in (1). Since
Bi

m is zero outside [ti, ti+m+1), the impact of changing
ci does not propagate outside the corresponding curve
segment and then is localized. The knots effect on the
curve is mainly controlled by their multiplicity. In fact,
if the first m + 1 knots are set to t0 and the last m + 1
knots are set to tk, the curve starts in (t0, c0) and ends in
(tk, ck−m−1). Moreover, if we consider an interior knot
ti, different from the extreme knots t0 and tk, greater is its
multiplicity di, lower is the degree of continuity (m−di)
of the B-spline curve at the associated point. For instance,
if di ≥ m + 1, the curve is not continuous at ti.

In this paper, we only consider B-spline curves of
degree m with a knot sequence t such that t0 = tm
and tk−m = tk. For the purpose of symplifying the
notations, we denote l the number of ”interior” knots
t
∗ = (tm+1, . . . , tk−m−1), that is l = k − 2m− 1, and a

B-spline curve is then defined by m+l+1 control points.

2.1.2. Spline curves

We can now recall the definition of spline functions of
degree m and their connection with B-splines.

Let us consider an increasing sequence of real num-
bers u0 < . . . < ul+1. A spline function is a sequence of
polynomials of degree m inside [ui, ui+1) and its deriva-
tives, up to and including degree m − 1, are everywhere
continuous on [u0, ul+1]. The set of all splines of degree
m associated with this sequence is a linear space of di-
mension m + l + 1. By adding and duplicating m times
the values u0 and ul+1, the B-splines of degree m as-
sociated with these knots constitute a basis of this linear
space. Splines are then smooth B-spline curves.

Spline functions are widely used to approximate a
function from a set of data by a smoother curve. There
are different ways to solve the problem. For instance,
natural cubic splines are commonly used to interpolate a
sequence of (l+2) points at the abscissas ui with two ad-
ditional constraints, namely zero second derivatives at the
endpoints u0 and ul+1. In [3], the MoMel algorithm esti-
mates target points on the F0 curve which corresponds to

the significant changes of the curve. The F0 stylisation is
made by a quadratic spline which interpolate these target
points as stationary points. Its performance is evaluated
by the mean distance between the original curve and the
modeled curve. This method permits to obtain a good
approximation in the neighborhood of the target points
but does not catch the F0 contours between the succes-
sive interpolation points. In [5], a more global approach
is introduced. The F0 curve is modeled by a sum of cubic
splines, which are estimated through the least-squares er-
ror criterion that includes a roughness penalty. The least-
square error criterion gives a global closeness to the data
and the regularization term penalizes the strong curva-
tures. Due to its property of minimal mean curvature, the
stylisation is given by natural cubic splines and ignores
the rough fluctuations of the F0 curve.

In this paper, instead of looking for a spline function,
the F0 curve is stylised by a B-spline curve. This strat-
egy has many advantages. First, we have seen that spline
functions are smooth B-spline curves, and we do not ex-
clude this set of solutions. Secondly, this approach per-
mits to catch the main fluctuations and discontinuities by
incrementing the multiplicity. Next, in order to obtain a
global approximation, we consider the least-square error
criterion which is easier to satisfy. Indeed, for a given
knot-sequence, we derive explicitly the optimal B-spline
curve which minimizes the least-square error.

2.1.3. Least-square optimization

Let us denote f the observed function and a set of data
{(xj , f(xj)), j = 0, . . . , N − 1}. Take the problem of
finding the B-spline curve of degree m that best fits this
set. For a given knot sequence t, the associated B-splines
are known and the control points are estimated using the
least-squares error criterion, that is

ĉ = arg min
c

‖f − B c‖2

where f is the column vector containing the f(xj), c the
column vector containing the ci and B a N × (k − m)
matrix of which the (j, i)th entry is Bi

m(xj). We can
check that

ĉ =
(
BT B

)−1
BT f .

Notice that for N � (k − m) and a moderate multiplic-
ity order of interior knots, the columns of B are inde-
pendent and BT B is invertible. Therefore, we obtain a
set of N points of the sought B-spline curve, that is for
j = 0, . . . , N − 1

f̂(xj) =
k−m−1∑

i=0

Bi
m(xj)ĉi =

(
B

(
BT B

)−1
BT f

)
j

(2)

2.2. A free-knot optimization process

In previous section, we reviewed the B-spline model with
the associated least-squares optimization step to estimate



the control points. To achieve this calculus, the knots are
supposed known. Two main issues are related to this knot
monotonic sequence: what is the best number l of inte-
rior knots and given l, what is the best knots location. Our
main goal is to build a parsimonious model, we balance
the precision of the predictive F0 model with its l degrees
of freedom. We could not be satisfied with a model com-
prising as many knots as F0 acoustic values.

2.2.1. The free-knot optimization problem

Given a free interior knot sequence t
∗, to which the val-

ues x0 and xN−1 are (m + 1) times added, the F0 curve
projection over the B-spline basis is given by equation
(2). An interior knot is not necessarily located on an ex-
perimental point xj ; any real value in segment [x0, xN−1]
is allowed. The following functional has to be optimized

t̂ = arg min
t∗

||F0−B(t∗)(B(t∗)T
B(t∗))−1

B(t∗)T
F0||

2

where F0 is a column vector containing the data F0(xj).
Before choosing the best methodology to find t̂, we need
to have a look over the search space difficulty. We have
conducted a first informal experiment where we try to
roughly characterize the search space. For l > 2, we no-
tice a chaotic behavior of the error surface. We conclude
this preliminary experimental work by the necessity of a
global optimization to avoid the numerous local minima
of the error surface.

2.2.2. A global optimization algorithm

In this section, we propose a global optimization algo-
rithm to answer the free-knot optimal placement using a
Simulated Annealing procedure. Simulated Annealing,
SA, optimization mimics the process of metal crystalliz-
ing from the liquid phase back to the solid phase while
its temperature slowly decreases. SA initiates a Metropo-
lis Monte Carlo simulation at a high temperature. A rel-
atively large percentage of the random steps that result
in an increase in the energy will be accepted. After a
sufficient number of Monte Carlo steps the temperature
is decreased. The Metropolis Monte Carlo simulation is
then continued. This process is repeated until the final
temperature is reached. SA algorithm simulates the pre-
vious scenario and consists of a pair of nested loops. The
outer-most loop sets the temperature and the inner-most
loop runs a Metropolis Monte Carlo simulation at that
temperature. The cooling schedule does not depend on
the function to be optimized. Unlike a greedy strategy
which always take the best possible step from any con-
figuration, SA can take a bad step and can overcome to
be stuck in a local minimum.

The main difficulty concerns the relation between the
model parameters and the random distributions of the SA
algorithm [6]. After several tuning experiments we pro-
pose the following description :

1. SA algorithm samples a vector v inside
[x0, xN−1]

l.

2. An internal knot vector t
∗ is defined by sorting the

coordinates of v.

3. A knot vector t is defined by adding (m+1) times
x0 and xN−1 to the extremities of t

∗.

4. If two consecutive knots lie in an interval smaller
than 5% of the full range [x0, xN−1], the two knots
are merged and the multiplicity order of the first
knot is increased by one. This process is applied
recursively to all the knots defining t.

3. Experiments

3.1. Experimental protocol

Within the framework of the F0 stylisation, our main goal
is to check a B-spline model is more effective than a tra-
ditional spline model. More precisely, we choose to com-
pare cubic B-spline model with natural cubic spline inter-
polant. Both are characterized by their own assumptions
(see section 2.1) but remain comparable by the number l

of degree of freedom concerned. Our evaluation protocol
consists in considering experimental F0 curves. We com-
pare the estimates of both models with the original curve.
Moreover, we vary l in order to assess its influence of the
quality of the stylisation (Table 1).

The speech corpus used in these experiments is a
French corpus made of approximately 7000 sentences.
These sentences were randomly selected among various
linguistic sources (literary texts, articles of newspapers,
etc). The acoustic signal was recorded in a professional
recording studio; the speaker was asked to read the text.
Then, the acoustic signal was annotated and segmented
into phonetic units. The fundamental frequency was an-
alyzed in an automatic way according to an estimation
process based primarily on the autocorrelation function
of the speech signal. Next, an automatic algorithm was
applied to the phonetic chain pronounced by the speaker
so as to find the underlying syllables. We chose the syl-
lable as the minimal support of a melody contour. Our
objective is not to make F0 prediction from linguistic in-
formation but to measure the capacity of stylisation of
two different models. We think that the syllable is the
most neutral support to make comparisons between vari-
ous experiments.

To summarize, our experimental assumptions are as
follows:

• Comparison between a cubic B-spline model and
a natural cubic spline interpolant based on experi-
mental F0 curves.

• The segments of F0 correspond to syllables taken
randomly in a corpus of 7000 sentences. The pro-
posed statistics were calculated on 200 syllables.



• For each model, the number of degrees of freedom
corresponds to the number of internal nodes (sec-
tion 2.1). The position of the internal knots results
from a global optimization (SA, section 2.2.2). No-
tice the internal knot sequences are not necessarily
the same for both models. The optimized crite-
rion is the RMS error between the estimated and
the original curves.

3.2. Results

Figure 1 illustrates the F0 generated using a cubic B-
spline model with 4 internal multiple knots (dotted line)
and compared with the true F0 curve. The vertical dashed
lines show the knot positions and their multiplicity or-
ders. These four free knots give only three different
breaking points. The optimal location is achieved with
a SA procedure as explained in section 2.2.2. Unfortu-
nately, we have no place in this article to detail experi-
mental results about this learning process. We can see
on this short example the efficiency of the free-knot B-
spline model to capture the global shape of the curve and
to express in the same formalism local events like discon-
tinuities.
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Figure 1: Comparison of the original F0 curve and the
estimated one using a cubic B-spline model with 4 inter-
nal free-knots.

Table 1 presents the statistics of RMS values calcu-
lated between original and estimated curves. Firstly, one
can notice that the mean of the RMS errors is weaker for a
B-spline model than for a spline model, and Student tests
confirm significantly this tends for every number l of de-
grees of freedom. Secondly, we can notice the influence
of l on the precision of the estimated F0. More the num-
ber of degree of freedom grows more the average RMS
decreases. We note an inflection point for orders higher
than 5.

l 1 2 3 4 5 6 7 8
rb 14.49 10.77 7.94 3.77 2.53 1.87 1.23 0.53
rs 33.48 24.96 16.92 12.98 10.43 8.59 6.87 4.93

Table 1: RMS means for the B-spline and spline models
(resp. rb and rs) estimated on 200 F0 curves at syllabic
level. The columns show the impact of the degrees of free-
dom.

4. Conclusion

We have presented a new F0 stylisation model based on a
B-spline stylisation. The main issue concerns the optimal
location of internal knots. Due to the high complexity of
the error surface, we have proposed a global optimization
scheme based on a simulated annealing procedure. By
setting a number of degree of freedom on 4, the B-spline
model leads to an average RMS value of approximately
4Hz. With the same conditions, the natural spline model
leads to an average of approximately 13Hz. Compared to
previous work, like TILT or MoMel models, our solution
jointly tries to find the optimal breaks and the regression
parameters from the observed F0 curve. Future work will
consider the issue related to the number of internal knots
and we will consider experimental results carried out on
F0 databases.
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