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Abstract

Spectral subtraction(SS) has been used for speech recognition
in noisy environments. The maximum likelihood of noise
mixed speech is analytically studied, which leads to the refor-
malization of SS. — Not only the subtraction factor used in
conventional SS, but also a novel multiplication factor with el-
liptic integrals is used. This new SS method can be used alone
or together with the conventional SS. The speech recognition
experiments use a principal microphone and a reference micro-
phone. The experiments suggest the effectiveness of the mixed
method.

1. Introduction
Word accuracy of speech recognition deteriorates under noisy
environments. Spectral subtraction(SS)[1] method has long
been used to deal with the situation. The chief idea is that the
clean speech spectrum can be estimated by subtracting the noise
spectrum from the noise mixed speech spectrum. (Figure 1)
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Figure 1: Spectral Subtraction Method

The following formula has been used to estimate the real
spectrum of speech rS , using the real spectrum of noise mixed
speech rX , and the real spectrum of the noise rN , such that

rS = rX − (subtraction factor) · rN . (1)

This factor is called the subtraction factor in this study, to distin-
guish it from another kind of coefficient to be introduced later.

In the first SS[1] method, the subtraction factor was decided
as a constant ascertained from preliminary experiments. The
nonlinear SS[2] method determined the subtraction factor as a
parameter of the signal to noise ratio(SNR) x, such that

rS = rX − 1

1 + γ · x · rN . (2)

The parameter γ was determined by doing preliminary experi-
ments. It was reported that the nonlinear SS method performs
better than the one of [1].

Recently, an analytical study[3] was made, in which prior
knowledge of the average SNR can be used to achieve similar
word accuracy to that of [2] without prelimiary experiments.

In this study, the analytical approach is done a little differ-
ently. The maximum likelihood of noise mixed speech is ob-
tained using an expectaion value, which leads to a different SS
formalism.

Although estimating SNR is essential when using it as a
parameter, SNRs are given in the experiments. Precise SNRs
can be used if speech is artificially mixed with noise. Moreover
it gives the upperbound SS performance because the error of the
SNR estimation is excluded.

2. Spectral Subtraction according to SNR
2.1. Expectation Value of Additive Noise Mixed Speech

When noise is additive, the complex spectrum of noise mixed
speech S is given by using the complex spectrum of speech
rSe

iθS , and the complex spectrum of noise rNe
iθN as

S(rS, θS , rN , θN ) = rSe
iθS + rNe

iθN . (3)

The real spectrum is given by using the phase difference θ, as

|S(rS, rN , θ)| =
√
r2S + r2N + 2rSrN cos θ, (4)

θ ≡ θS − θN . (5)

Since the speech and the noise are independent, the probabil-
ity of phase difference θ uniformly distributes between 0 and
2π. 〈f〉 denoting the expectation of f regarding to the phase
difference, by definition,

〈f〉 ≡

∫ 2π

0

fdθ∫ 2π

0

dθ

. (6)

The expectation of noise mixed speech is obtained by averaging
eq. (4), as

〈|S(rS, rN , θ)|〉 =
〈√

r2S + r2N + 2rSrN cos θ
〉
. (7)

Here, the case is assumed that two unknown signals of
speech and noise are additionally mixed. Thus, the maximum
likelihood of the real spectrum of noise mixed speech is given
by the above expectation.

10
.2

14
37

/I
nt

er
sp

ee
ch

.2
00

5-
25

3



2.2. Theoretical Formalism

Using

E(k) ≡
∫ π

2

0

√
1 − k2 sin2 θdθ, (8)

x ≡ rS

rN

, (9)

the integral of r.h.s. of eq. (7) can be evaluated as

〈|S(rS, rN , θ)|〉 = (rS + rN )
2

π
E

(
2
√
x

1 + x

)
. (10)

A brief derivation of eq. (10) from eq. (7) is in the appendix A.
Solving rS yields

rS = α(x) 〈|S|〉 − rN , (11)

α(x) ≡
(

2

π
E

(
2
√
x

1 + x

))
−1

. (12)

These equations express the real spectrum rS with the expec-
tation of noise mixed speech S, SNR x and the real spectrum
rN . The coefficient of S is a function α(x) of x, and its graph
is shown in Figure 2. The E(k) in α(x) is an elliptic inte-
gral of the 2nd kind, and the series expansion and numerical
computations[4, 5] for calculating it are known.
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Figure 2: Multiplication Factor α(x) in the proposed method

A SS method according to SNR x can be realized by using
〈|S|〉 as the input of the real spectrum of noise mixed speech
picked up by a principal microphone, and rN as the input of the
real spectrum of noise picked up by a reference microphone.
Using the conventional notation of noise mixed speech rX , the
proposed method is:

rS = α(x)rX − rN . (13)

Unlike the conventional method (1), the proposed method esti-
mates rS in the form

rS = (multiplication factor) · rX − rN . (14)

To distinguish the factors, from now on the coefficient of rX

will be called the multiplication factor. The multiplication fac-
tor is a function of SNR as in eq. (12). SNRs are independently
different values among the feature extraction frames and among
frequencies.

Additionally, it is not possible to deduce the proposed
method from the conventional method. That is, even by divid-
ing both sides of (1) by the subtraction factor, such as

1

(subtraction factor)
rS =

1

(subtraction factor)
rX − rN

(15)

and thinking of the factor of rX of r.h.s as a new multiplication
factor, we encounter a difficulty since the factor of l.h.s differs
frame by frame and by frequency. Thus, it is not possilbe to de-
duce the conventional method by multiplying a time/frequency
invariant constant.

2.3. Mixed Formalism

In this study, an intermediate method is also proposed using the
conventional and proposed methods:

rS = (multiplication factor) · rX − (subtraction factor) · rN .
(16)

The multiplication factor is chosen to be the same as in the the-
oretical formalism, and the subtraction factor is chosen to be the
same as in the conventional method. To distinguish the param-
eters, the parameter is called β in this method. Explicitly,

rS = α(x)rX − 1

1 + β · xrN . (17)

This method includes the theoretical method as a special case,
i.e. when β = 0, the method reduces to eq. (13).

3. Experiments
3.1. Common Experimental Setup

Mel-filterbank ceptstrum coefficients(MFCCs) are used as fea-
ture vectors. The calculation of MFCCs is briefly reviewed be-
low:

speech
preemphasis,complex spectrum−−−−−−−−−−−−−−−→ S(t, k)

real spectrum−−−−−−→ |S(t, k)|
mel fi lterbank−−−−−−→ Si(t) =

∑
k∈Ki

wi(k)|S(t, k)|

log transformation,Fourier transformation−−−−−−−−−−−−−−−−−−−−→ MFCC (18)

Ki represents the ith mel-filterbak, wi is a weight coefficient,
and the weighted sum Si is the ith mel-filterbank coefficient.
Speech analysis is summarized in Table 1.

When the real spectrum |S| is speech, the notation rS is
used, so as, when it is noise, the notation rN is used, and when
it is noise mixed speech, the notation rX is used. The orig-
inal idea of SS is to subtract rN from rX , get the filterbank
coefficients, and then do a log transformation and Fourier trans-
formation to get the feature vectors. However, when the SNR
changes slowly with frequency, it is approximately the same to
subtract in the filterbank domain and in the spectral domain, so
the subtractions of the experiments are done in the filterbank
domain.

Microphones are setup as in Figure 3. The principle mi-
crophone is a headset microphone worn by the subject, and the
reference microphone is a boundary microphone on the ground
which has the directivity shown in gray in the figure.

SS seems to be sufficient to adjust only the subtraction fac-
tor parameter. The following, however, is assumed:



Sampling Rate 16[kHz]
1st FIR Filter Coeffi cient -0.97

Filter-bank dim. 24
Cepstrum Liftering Coeffi cient 22

Analysis Window Type Hamming
Analysis Window Width 25[ms.]

Frame Shift 10[ms.]

All of the Features
MFCC + Log Power and
their ∆, ∆∆ (39-dim.)

Table 1: Speech Feature Analysis

3-4m

1m

Commander Pr.Mic.

Ref.Mic.
TV

TV Audio

Venue Noise

Figure 3: Top View of the Microphone Placements

1. the placements of the two microphones are the same, and

2. the characteristics (frequency characteristics, sensitivi-
ties) of the microphones are the same.

The two microphones characteristics need to be compen-
sated. To do so, the following function Ci(x) is determined so
as to minimize∑

t∈non-speech region

{
S (Pr. Mic.)

i (t) − Ci

(
S (Ref. Mic.)

i (t)
)}2

,

(19)

Ci(x) ≡ c2,ix
2 + c1,ix+ c0,i. (20)

Flooring[6] is also considered so as to maintain the noise
spectrum when the subtracted spectrum is much smaller than
that of noise [2]. By using the unfloored real spectrum of speech
rS including the subtraction factor

r̂N = (subtraction factor) · rN , (21)

the floored real spectrum of speech r̃S can be expressed as

r̃S =

{
rS · · · (if εr̂N < rS)
εr̂N · · · (if εr̂N ≥ rS).

(22)

In practice, subtraction is done on the filterbank similarly. Ac-
cording to the preliminary experiment, the coefficient ε is taken
to be 0.5, and fixed throught all the rest of the experiments.

The acoustic model is a phonetic subword triphone-HMM,
trained by several-female-speaker utterances totaling 150 hours.
Some utterances include low level noise. The training is with
the EM algorithm without SS of 1ch speech. The language
models are 3-gram. The task is TV remote control command
utterances. The language model is trained with the task, con-
sisting of 3,700-word lexicons with a perplexity of 8.49.

The test set has artificially mixed noise — a female utters
command in clean room, and noise is recorded with the same

microphone placement as in Figure 3, and then mixed. Noise is
recorded at an open-house event featuring several exhibits and
speakers, and it chiefly consists of narrations from other booths.
Ten test sets are made according to the difference of SNRs such
that the average SNRs are 42,29,20,15.10,6.6,3.5,0.87,-1.5,-3.6
[dB], respectively. Each test set is the same utterances, made of
45 sentences or 221 words.

3.2. Comparison of the Methods

The characteristics compensated formula of the conventional
subtraction is

S (speech)
i = S (Pr. Mic.)

i − 1

1 + γ · xCi(S (Ref. Mic.)
i ), (23)

whereas, the formula of the proposed subtraction method is

S (speech)
i = α(x)S (Pr. Mic.)

i − Ci(S (Ref. Mic.)
i ), (24)

and, that of the mixed subtraction method is

S (speech)
i = α(x)S (Pr. Mic.)

i − 1

1 + β · xCi(S (Ref. Mic.)
i ).

(25)

These quantities are floored, log transformed, and Fourier trans-
formed, to obtain feature vectors.

3.3. Word Accuracy

Figure 4 shows the results of the speech recognition experi-
ments. The horizontal axis is average SNR (dB), and the ver-
tical axis is word accuracy (%). The SNRs are energy ratios.
In every method, the framewise and the filterbankwise SNR is
used as x. The “Baseline” plots are for the experiment without
subtraction, the “Conventional” plots are for the conventional
subtraction experiment using eq. (23), the “Proposed” plots are
for the subtraction experiment using eq. (25).

Generally speaking, the word accuracy decreases as the
SNR deteriorates. The parameters of the SS methods are very
stable over a wide range, and one of the best parameters is cho-
sen as described in the section 3.4. There is almost no word
accuracy diffrence when the SNR is 42dB, but the proposed
method outperforms the conventional one when the SNR is -
3dB to 29dB.
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Figure 4: Recognition Accuracy according to S/N Ratio



When β = 0, the experiment reduces to that of eq. (24).
The word accuracy of the proposed method is higher than that
of conventional one with γ = 0. However, since the accuracy
is worse than the baseline, some factor other than phase differ-
ence or microphone characteristics might exists, which is not
considered in this study.

Another special case is β = ∞, where the word accuracy of
the baseline without any parameters imporoves. This improve-
ment is an effect of the multiplication factor alone. Note that
the result is not better than that of the conventional subtraction.

3.4. Parameter Stability

The parameter stability of the proposed method is examined,
and Figure 5 shows the results for an average SNR of 20dB. The
horizontal axis is the parameters of the methods, and vertical
axis the word accuracy. The parameters are varied between 0 to
100, and the best positions are shown. The parameters seems
to be very stable, and the similar stability can be seen in other
SNRs. Thus, the parameter are chosen so that the average word
accuracy for the entire test set would be the best.
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Figure 5: Influence of the Parameters on Recognition Accuracy

4. Conclusions
The maximum likelihood of noise mixed speech is obtained an-
alytically. A novel SS method is proposed and experiments are
done on TV remote control comannd utterances. The experi-
mental results suggest that the proposed method give better ac-
curacy than the conventional method for a wide range of SNR.
The SNR is given in this study, and so the use of the method
together with an effective SNR estimation is a topic for future
study.

Although the proposed method tries to explain the experi-
mental parameters, the parameter remains to get better results
and it has to be obtained experimentally. The further explana-
tion of the origin of the experimental parameter is also future
work.
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A. A Brief Derivation of the Expectation of
the Real Spectrum

The r.h.s of eq. (7) can be transformed to

|rS + rN |
〈√

1 − 2rSrN

(rS + rN)2
(1 − cos θ)

〉
. (26)

Considering that 1 − cos θ = 2 sin2(θ/2), the expectation part
of (26) is,〈√

1 − 4rSrN

(rS + rN)2
sin2 θ

2

〉
. (27)

Using the definition of the expectation, putting θ/2 = φ, and
dividing the integral region, the expectation part becomes

1

π

(∫ π
2

0

+

∫ π

π
2

)√
1 − 4rSrN

(rS + rN)2
sin2 φ dφ. (28)

The integral from π/2 to π can be transformed by using π−φ =
ψ and sin(π − ψ) = sinψ, so it becomes the same integral as
from 0 to π/2.

As a consequence, the expectation part becomes

2

π

∫ π
2

0

√
1 − 4rSrN

(rS + rN)2
sin2 φ dφ. (29)

With the definition of E(k) as in (8), the r.h.s of eq. (7) is

2

π
E

(
2
√
rSrN

|rS + rN |

)
. (30)

Noting that rS and rN are positive reals, and using the definition
of x as in eq. (9), the following formula is obtained.

〈|S(rS, rN , θ)|〉 = (rS + rN )
2

π
E

(
2
√
x

1 + x

)
. (31)

This is eq. (10).


