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Abstract
This theoretical contribution highlights the need for a nonlin-
ear electrophysical hair cell model, since hair cell behaviour is
what underlies important hearing phenomena, especially non-
linear cochlear mechanics. It is shown that a new nonlinear
Goldman-Hodgkin-Katz (GHK) model of a cell membrane can
lead to a more natural analysis of cell behaviour. In particular,
instead of having to assume values for reversal potentials and
internal ionic concentrations, it then becomes possible to cal-
culate them from the boundary conditions, such as potentials
and external ionic concentrations, which are usually known a
priori. The new model also naturally includes nonlinear resis-
tances, reversal potentials and membrane capacitance. The val-
ues of these nonlinear elements naturally adjust according to the
known and derived potentials and ion concentrations.

1. Introduction
To understand how speech and audio are perceived, it is impor-
tant to understand the auditory system. But to understand the
auditory system, it is important to first understand the behaviour
of the cochlea, particularly the hair cells, which play a major
role in some very important nonlinear phenomena. This contri-
bution aims to shed light on these phenomena. In particular, a
new cell model is introduced that simplifies the understanding
of cell behaviour in important respects.

This paper lays the foundation for the physiologically based
cochlear amplifier model presented in the companion paper [1].

Prestin [2] is the mechanical motor underlying most of the
live cochlear response [3]. A cochlea with prestin removed from
the outer hair cells shows as much mechanical sensitivity as a
cochlea with normal prestin expression [4]. Hence the role of
prestin must be other than to increase sensitivity. On the other
hand, cochleas from dead rodents show a large reduction in me-
chanical sensitivity compared to measurements in vivo [4]. This
suggests that active processes are required to maintain the ac-
tive nonlinear cochlear mechanics. As prestin is expressed in
the OHCs, it is concluded that nonlinear cochlear mechanics is
a function of the outer hair cells. This article will define the
electro-physiological basis for nonlinear mechanics.

The current state of the art in cellular models relies on
Hodgkin-Huxley membrane and cell models [5]. Previous mod-
els of cochlear hair cells have been proposed that are based on
such Hodgkin-Huxley cell models [6, 7, 8, 9]. These mod-
els use a combination of both nonlinear and linear compo-
nents to model hair cells [10]. The static linear components
used to model hair cells, include ion channel reversal poten-
tials, membrane capacitances and active currents. The nonlinear
components are the membrane resistances which model the ion
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Figure 1: Equivalent circuit model of a hair cell given in [9,
Figure 1]. The apex ’a’ membrane is represented by a lumped
’transduction’ resistance Ra. The cellular cytoplasm is the cir-
cuit node ’c’ and the base of the cell is the circuit node ’b’.
The reversal potentials due to potassium and sodium are also
lumped (Va). The base membrane has fast and slow (small
and large) potassium resistances in parallel (RKs‖Kf

), and
these are in series with the potassium Nernst potential (VKb ).
In the same manner the chlorine resistance RClb and Nernst
potential VClb are in series. The apex and base ionic concen-
trations are lumped into one capacitance (C), and two elec-
trogenic pumps representing the active potassium/sodium ex-
changer and a chlorine pump, which are in parallel, are also
lumped (Ib = INa/K + ICl, our simplification). If the simula-
tion includes the effects of the probe, then the switch is closed
to allow a probe leakage current to flow (through Rl).

channel conductances [10]. These nonlinear resistances change
when the membrane potential changes. Whilst the Hodgkin-
Huxley model is useful and extremely popular, it fails to ad-
dress the nonlinearity of the membrane capacitance and rever-
sal potential. The nonlinearity of the membrane capacitance
is a strong feature of the outer hair cells [2] and most likely
to be important in the non-motile inner hair cells. The capaci-
tance in the outer hair cells change by as much as 100% over the
physiologically significant membrane potential range [2]. This
article will also show (by definition) that the reversal potential
will change with both membrane potential and ion concentra-
tion fluctuation.

The most recent hair cell model is shown in Figure 1. It is
modelled using a Hodgkin-Huxley approach. Hodgkin-Huxley
models assume various cellular constants, such as cytoplasmic
ion concentrations, to generate the necessary static reversal po-
tentials.

A recent nonlinear mechanical hair cell model uses a piezo-
electric OHC membrane to address the nonlinear mechanical
effects [11]. Some of the inputs to this model are the OHC
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Figure 2: An incomplete GHK resistive cell model with nonlin-
ear lumped components. Apex and base electrogenic current
sources are here lumped into single current sources to minimise
space, but may be expanded into parallel sources correspond-
ing to the individual ionic species. The nonlinear resistances
are implemented by the GHK resistance Equation 5. This equa-
tion also gives the reversal potential, using lim

Φ→0
V = VN .

basolateral membrane potentials, and the outputs are internal
and external cellular pressures. The input potential acts across
the membrane capacitance and this physiological input and ca-
pacitance are derived directly from the electrophysical cellular
model.

The membrane capacitance (Cm) is determined by the ionic
concentrations (in the form of the charge q) and membrane po-
tential v (q = Cmv). The membrane potential is determined by
a combination of the active current sources, membrane capaci-
tance and the nonlinear ion channels (which will be addressed
in this article). The nonlinear ion channels are dependent on the
internal and external ion concentrations of the cell as well as the
membrane potential [5]. The Hodgkin-Huxley model assumes
that the nonlinearity of the ion channels is only dependant on
the membrane potential and gives no significance to ion con-
centration fluctuations [10]. As the external ion concentrations
are relatively stable and measurable [12, 13], it makes sense to
compute the internal ion concentrations as functions of the ex-
ternal concentrations. This approach contrasts with the current
state of the art which merely assumes internal ion concentra-
tions and thus static reversal potentials [9]. The correct deter-
mination of the internal ion concentrations will therefor yield
nonlinear resistance, reversal potentials and capacitance, which
is a major advantage over the Hodgkin-Huxley model.

This article will use the Goldman-Hodgkin-Katz (GHK)
flux equation and introduce an ion counting operator to generate
a cellular model that is capable of modelling dynamic changes
in internal ion concentrations. The changes in internal ion con-
centrations will generate accurate and dynamic membrane ca-
pacitance values and potential fluctuations, which will function
as inputs to nonlinear hair cell models; that is, they will act as
the electro-physiological foundations of the nonlinear hair cell
models.

2. The GHK flux, reversal potential and
resistance

The GHK equation [5, Chapter 14] specifies a nonlinear mem-
brane flux ΦS (unit A/cm2), under the forces of electric (V )
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Figure 3: An active and dynamic GHK cell with control cir-
cuitry. Each voltage source on the right side of the circuit im-
plements Equation 6. The output of each voltage source is a
control signal which gives the cell’s internal concentration for
each ion species. The comments in the caption of Figure 2 also
apply to this figure.

and diffusive potentials, by the relation

ΦS(V, Xso , Xsi) = PS
z2F 2

RT
V

 
Xsi −Xsoe

− zF
RT

V

1− e−
zF
RT

V

!
(1)

where PS (cm/s) is the membrane’s permeability to the ion
species S, z is the corresponding valence, F (C/mol) is
Faraday’s constant, R (V C/mol/K) is the gas constant, and
T (K) is the temperature in Kelvin. The concentrations (X)
are defined as the internal and external concentrations, XSi

and XSo , respectively. The GHK equation is derived from the
Nernst-Planck equation [5, Equation 10.8] under the assump-
tions of linear potential change across the membrane and homo-
geneous diffusion, assuming that the ion species don’t interact.

The GHK equation is ill-defined at zero membrane poten-
tial, since

ΦS(0, Xso , Xsi) =
0

0
which is unknown. For this reason, L’Hopital’s rule [14] is used
to find the limit of the GHK flux as the potential approaches
zero

lim
V→0

ΦS(V, Xso , Xsi) =

“
PS

z2F2

RT
V
“
Xsi −Xsoe

− zF
RT

V
””′

“
1− e−

zF
RT

V
”′

(2)

= PS
z2F 2

RT

„
Xsi +Xsoe

− zF
RT

V

„
zF

RT
V − 1

««
(3)

= PS
z2F 2

RT
(Xsi −Xso) . (4)

where the prime ′ indicates differentiation with respect to
V . The implication of this result is that a concentration imbal-
ance still forces current through the membrane even when the
electric potential is zero. If the flux is not zero at V = 0, then
lim
Φ→0

V = VN and VN �= 0 if Xsi �= Xso . The definition of
the reversal potential is lim

Φ→0
V = VN . It can be seen from these

results that the GHK equation models both nonlinear resistance
and the reversal potential of an ionic species in a membrane.
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Table 1: Boundary conditions in the scala media (SM) and the
scala tympani (ST). The endocochlear potential is chosen to be
90 mV.

V (mV ) XK

`
mol
m3

´
XNa

`
mol
m3

´
XCl

`
mol
m3

´
SM 90 135 15 150
ST 0 15 135 150

Previous hair cell models based on the Hodgkin-Huxley
cellular model (see Figure 1) simply assume given reversal po-
tentials for the circuit. The side effect of assuming given static
reversal potentials is that the initial cellular internal ion concen-
trations are also indirectly chosen, as evident in [9, Figure 5]
where the internal charge density is found to have a very large
positive value, most likely due to the choice of reversal poten-
tials. By contrast, the GHK nonlinear resistance model removes
the requirement for choosing static reversal potentials and thus
static operating points (evident at t = 0 in previous models, [9,
Figure 5] for example).

A GHK nonlinear resistance is found from Ohm’s law by
dividing the voltage across the membrane by the total current
(which is the GHK flux, given by Equation 1, multiplied by the
membrane surface area). The GHK resistance is thus specified
in terms of the voltage and ion concentrations by

rS(V, Xso , Xsi) =

 
PS

z2F 2

RT

 
Xsi −Xsoe

− zF
RT

v

1− e−
zF
RT

v

!Z
dS
!−1

(5)
with unit Ω, where

R
dS is the surface area with unit cm2.

Other forms of resistance can be derived such as the incremen-
tal or AC resistance. These aren’t required in this case, as the
GHK equation assumes homogeneous diffusion and thus con-
stant flux.

The GHK nonlinear membrane resistance replaces the elec-
tric resistance and reversal potentials of the active Hodgkin-
Huxley cellular model. The linear capacitances also need to
be replaced, since capacitance will vary nonlinearly depend-
ing on the potential and the accumulation of ions on the inte-
riors of the membranes. For this reason, the linear capacitances
are replaced by nonlinear capacitances in the new GHK model,
shown in Figure 2.

3. The current-to-concentration operator
The model shown in Figure 2 lumps all ionic species concen-
trations onto the nonlinear membrane capacitances Ca and Cb.
The nonlinear GHK resistances require the cytoplasmic concen-
tration of each ion species to be parametrised. This is accom-
plished with the introduction of an ion counting operator in the
computer realisation of this model.

Consider a species of ionic current iS entering a cell (iS+)
and exiting the cell (iS−). The current difference is ΔiS =
iS+ − iS−. The charge accumulated in the cell is the time inte-
gral of this current difference, so that the concentration of ions
is found as follows (unitmol/L):

XS(t) =
103

zF
R
dV

Z
�iS(t) dt, (6)

where the cell volume is
R
dV with unitm3, and the factor 103

is used to convert to L−1 fromm−3. It is now possible to count
all ions leaving and entering the cell through the passive non-
linear resistances or active ion pumps/exchangers.
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Figure 4: The internal potential approaches an expected real
world negative resting potential.
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Figure 5: The internal concentrations begin to converge on
real world values. These values are strongly dependent on the
choice of permeability constants (PK , PNa, PCl). Accurate
definition of these permeabilities will generate accurate inter-
nal ion concentrations.

4. The GHK nonlinear cell model

The ionic environment of the cochlear hair cells is strongly
dominated by the sodium, potassium and chlorine ion species
[12, 13]. For this reason, it is sufficient to model the gross be-
haviour of a cochlear hair cell by the movement of Na, K and
Cl ions. Current research suggests that leakage is a function of
a non-selective ion channel [15, 5]. This cellular leakage can
also be modelled accurately by introducing leakage GHK resis-
tances in the apex and base of the cellular model, but this is not
done in this article.

A complete GHK cell model with all functional and control
circuitry is shown in Figure 3. With this model we can calculate
accurate internal ion concentrations (XK , XNa, XCl), without
assuming their values a priori, as in the past. The variations
in these internal concentrations will lead to fluctuations in the
cellular membrane potentials and capacitances. As the GHK
resistances are nonlinear (see Equation 5), the capacitance and
membrane potentials will also be nonlinearly related to the ionic
currents that pass through the GHK resistances.

The membrane potential is measured between the circuit
nodes ’a’, ’c’ and ’b’ in Figure 3. These accurately derived non-
linear variables give a firm foundation for nonlinear mechani-
cal cellular models, such as the piezoelectric cellular membrane
motility model [11].
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Figure 6: The specific capacitances begin to converge to the
expected 1μFcm−2 values.

5. Convergence with equal permeability
An example cell is constructed using the boundary conditions
listed in Table 1. With PNa = 0.2mcms−1 and PK =
PCl = PNa, the internal potential and concentrations begin
to converge within ten seconds to real world values [16, 7, 9],
as shown in Figures 4 and 5. The specific capacitance (Cs) is
found by dividing the membrane potentials by the charge den-
sity (ρ = XF ) and scaling by the surface area. The apex and
base specific capacitances are shown in Figure 6. The specific
capacitance is expected to be roughly 1μFcm−2 [16] and these
results are approaching this value. With more realistic values
for the permeabilities PK , PNa and PCl, the internal potential,
concentrations and specific capacitances are expected to con-
verge to the published values.

The basolateral hair cell membrane potential Vi and the
membrane capacitance (derived from Cs) define the electro-
physiological conditions which control prestin [11]. The non-
linear electrophysiological hair cell model presented in this pa-
per allows the calculation of the movements of the outer hair
cells which are needed in physiologically based cochlear am-
plifier models, such as the companion paper [1].

6. Conclusion
For the first time, the Goldman-Hodgkin-Katz flux Equation 1
has been used to derive a nonlinear resistance for use in cel-
lular models (Equation 5). The GHK (nonlinear) resistance is
derived from the GHK flux equation and gives the ion channels
in membranes. By using the GHK resistance many advantages
over the current state of the art in cellular models are achieved.

As lim
V→0

ΦS(V, Xso , Xsi) �= 0 when Xso �= Xsi , a
flux exists even when there is no electric potential across the
membrane. The GHK reversal potential may be defined as
lim
Φ→0

V = VN . The GHK resistance therefore embodies both
nonlinear resistance and reversal potential in the same circuit
element, which is a great simplification of the existing theory.

If a circuit is constructed using a set of GHK resistances,
then the only required input variables are endocochlear potential
and the external ionic concentrations, which are usually known
a priori. From these, the internal potential and the internal ionic
concentrations can now be found.

In order to yield a good automated solution, the internal
ionic concentrations must be parametrised. These are tracked
using an ion counting operator presented in this article (Equa-
tion 6). This ionic operator counts the ions entering and leaving

the cell through passive and active means. The output of the
operator is the internal concentration. One operator is used for
each species of ion to be modelled.

A nonlinear membrane capacitance is also generated by the
model. This is the first time a nonlinear membrane capacitance
has been included in cochlear hair cell models.

The overall result is a firmer foundation for the study and
understanding of nonlinear hair cells and hair cell mechanics.
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