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Abstract
In this paper, we present a linear transformation (LT) to ob-
tain warped features from unwarped features during vocal-tract
length normalisation (VTLN). This LT between the warped and
unwarped features is obtained within the conventional MFCC
framework without any modification in the signal processing
steps involved during the feature extraction stage. Further us-
ing the proposed LT, we study the effect of the Jacobian on the
VTLN performance and show that it provides additional im-
provement in the recognition performance. The Jacobian of the
proposed LT is simply the determinant of the LT matrix. Jaco-
bian compensation is not done in conventional VTLN as the re-
lation between warped and unwarped features is not known. We
also study the effect of cepstral variance normalisation (CVN),
which is often used as an approximation for Jacobian compen-
sation in conventional VTLN. We show that the proposed Ja-
cobian compensation gives better or comparable performance
when compared to CVN.
Index Terms: Automatic Speech Recognition, Speaker Nor-
malisation, VTLN, Linear Transformation, Jacobian Compen-
sation, Cepstral Variance Normalisation.

1. Introduction
Vocal tract length normalisation (VTLN) is a commonly used
procedure for speaker normalisation in speaker-independent
(SI) automatic speech recognition (ASR) systems. The nor-
malisation is implemented by warping the frequency spectra of
speakers. Since, in practice, there is no information about the
reference or golden speaker, a maximum likelihood based grid
search is followed to find the best frequency warp factor α, i.e.

α̂i = argmax
α

Pr(Cα
i |λ,Wi)|dCα

i /dCi| (1)

where, Ci are the feature vectors of the ith utterance, λ, the
SI or previous iteration model and Wi is the true transcription
during training and first pass recognition during testing for the
ith utterance. The term |dCα

i /dCi| is called the Jacobian of the
transformation and it accounts for the mismatch in the likeli-
hood calculation of the warped features Cα

i with respect to the
SI or previous iteration model (λ). This term is usually ignored
in conventional VTLN as the transformation between warped
and unwarped cepstral features is not known.

In practical ASR systems, the search range of α is restricted
to be between 0.80 and 1.20 based on physiological constraints
of the vocal tract. Warped features for conventional VTLN are
obtained by scaling the filter bank proportionally for each α in
the search range. If a linear relation can be found between Ci

and Cα
i , then the computational complexity involved during the

feature generation can be significantly reduced. We require only
unwarped features and the LT matrices for each α to obtain the
warped features. This LT approach has added advantage that the
Jacobian of the transformation in Eq.1 can also be accounted
for, since it is simply the determinant of the LT matrix.

VTLN may be preferable over adaptation based ap-
proaches, in applications where there is very little adaptation
data. This is because VTLN requires estimation of only a sin-
gle parameter as opposed to the estimation of elements of a
matrix in adaptation. Further in some applications, VTLN has
been shown to provide additional performance gain when used
in combination with adaptation. However, the implementation
of VTLN requires that features be generated for each α in the
search range and is computationally expensive. In the proposed
LT approach to VTLN, the warp-parameter estimate reduces to
finding which of the pre-computed warp matrices best fits the
model.

There has been lot of interest in obtaining a LT for VTLN.
Pitz-Ney[1] and McDonough [2] proposed methods for analyti-
cal computation of the LT in the continuous frequency domain.
These methods have aliasing problems when used in discrete
domain. Further, these transformation approaches modify some
aspect of the signal processing involved for conventional VTLN
and also do not use DCT-II. Umesh.et.al [3] have shown using
the idea of bandlimited interpolation that LT can be obtained in
discrete frequency domain using plain cepstra. Using the idea
of [3], Panchapagesan[4] proposed the idea of incorporating the
transformation into the DCT matrix. This approach assumes
the linear warping relation in the Mel-warped domain. This is
not the same as linear warping in the physical frequency (Hz)
domain, which is the model assumed for conventional VTLN.
Very few of the above works have reported the study of Jaco-
bian compensation using LT matrices and none have shown any
improvement.

In this paper, we first propose a LT approach to VTLN that
does not modify the signal processing involved for conventional
VTLN. This approach is an extension of our earlier work in [3],
where we have discussed the more general case of both Mel-
and VTLN-warping being implemented through a linear trans-
formation of plain cepstra. The method proposed in this paper
will be a special case of bandlimited interpolation proposed in
[3]. This LT approach to VTLN also allows us to compensate
for the Jacobian of the transformation during the estimation of
optimal frequency warp factor α in Eq. 1.

The paper is organised as follows: In Section. 2, we propose
a LT approach to conventional VTLN with out any modification
in the signal processing involved. In Section 3, we describe the
experimental setup used in our experiments and compare the
performance of the proposed LT approach with conventional

Accepted after peer review of full paper
Copyright © 2008 ISCA

September 22-26, Brisbane Australia1233

10
.2

14
37

/I
nt

er
sp

ee
ch

.2
00

8-
37

4



VTLN. In Section. 4, we study the effect of Jacobian compen-
sation using the determinant of the proposed LT matrix. We
also study the effect of CVN, which is often used for Jacobian
compensation in conventional VTLN. Finally in Section. 5, we
present our conclusions.

2. Linear Transformation Approach to
Conventional VTLN

We first review the procedure to obtain conventional VTLN
warped cepstra. The procedure is illustrated in Fig. 1. Mel and
VTLN warping are integrated into the filter-bank for efficient
implementation [5]. Let P represent the power or magnitude
spectrum of the speech frame, Fm the filter bank smoothing
with integrated Mel warping and D represent the DCT opera-
tion. Mel frequency cepstral coefficients (MFCC), represented
by C (the filter-bank does not contain VTLN warping at this
point and for convenience we call it C1.00, i.e. α = 1.00) are
obtained by:

C1.00 = D[log(Fm.P)] (2)

Conventional VTLN warped cepstral features Cα are ob-
tained by appropriately scaling the filter-bank, denoted by Fα

m

and are given by:

Cα = D[log(Fα
m.P)] (3)

From the above equations, the relation between Cα and C1.00

is given by:

Cα = D[log.Fα
m.{F−1

m .exp.D−1.(C1.00)| {z }
P

}] (4)

A LT between Cα and C1.00 can be derived if all the interme-
diate operations can be represented as linear operations. But, it
is evident that log is a non-linear operation and in practice F−1

m

does not exist and P can not be completely reconstructed from
the filter-bank outputs because of the smoothing operation [6].
We need to obtain P since conventional VTLN warping rela-
tions are always specified in the linear frequency (Hz) domain,
usually through a mathematical relation of the type f̃ = gα(f),
where f̃ is the warped-frequency and gα(f) is the frequency-
warping function. Therefore, in this frame work, it is not pos-
sible to recover P from the filter-bank output and hence a LT is
not possible.

2.1. Realising a Linear Transformation

In this section, we show that separating the VTLN-warping
from the Mel filter bank helps us obtain a LT between warped
and unwarped cepstral features. Let Lm = log(Fm.P) be the
conventional log-compressed Mel filter bank outputs. Similarly,
let Lα

m = log(Fα
m.P) be the conventional log-compressed Mel

and VTLN filter bank outputs. We propose a method to obtain
the LT between Lm and Lα

m. i.e.,

Lα
m = TαLm (5)

From Eq. 2 and Eq. 3, the relation between C and Cα is now
given by:

Cα = [D.Tα.D−1].C1.00 (6)

By defining a LT between Lm and Lm
α, we are completely

avoiding the inversion of filter bank for obtaining the raw mag-
nitude spectrum P and also bypassing the log operation. We
would like to remind the reader that VTLN-warping relation is

F 1.00
m

F 0.80
m log

log

log

DCT

DCT

DCTF 1.20
m

P

Magnitude or
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m
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Figure 1: Conventional VTLN frame work. Mel and VTLN
warping are integrated into the filter bank for efficient imple-
mentation.

usually specified in the linear frequency-Hz domain, and there-
fore, at this point it is not clear what the relation between Lm

and Lα
m should be. In the next section, we describe a method to

obtain a LT using the idea of bandlimited interpolation.

2.2. Proposed Approach - Bandlimited Interpolation

For a bandlimited continuous-time signal, given uniformly
spaced samples of the signal, we can reconstruct the original
continuous-time signal, i.e. we can recover the values of the
time signal at time-instants other than those at uniformly spaced
samples. We use this idea to obtain LT, except that we con-
sider que-frency limited signals. The basic idea is that, with
NO-VTLN warping, the conventional log-compressed Mel fil-
ter bank (Lm) outputs are uniformly spaced samples in the
Mel-domain. During VTLN warping, the outputs of the log-
compressed Mel filter bank (Lα

m) are non-uniformly spaced in
the Mel-domain. The problem is one of estimating the non-
uniformly (Lα

m = Lm(ν̃l)) spaced samples given the uniformly
spaced samples (Lm(νl)). This can be exactly done through
bandlimited interpolation as Mel filter bank outputs are que-
frency limited. This is assured in the current frame work
through filter bank smoothing. Fig.2 illustrates the proposed
LT approach. The bandlimited interpolation matrix is given by:

Tα
[k,n] =

1

2N

2N−1X
l=0

e
−j 2π

2N
(
ν̃l
νs

)k
e
+j 2π

2N
(
νl
νs

)n (7)

where νs is the sampling frequency in Mel domain. Using the
even-symmetry property, we obtain NxN interpolation matrix
T̂α, i.e. Lα

m = T̂αLm. The feature generation process using
the proposed LT is illustrated in Fig. 3.

The bandlimited interpolation matrix (T̂α) that we obtain
will be of size equal to the number of MFCC filters, say N. Let,
M represent the number of cepstral coefficients (usually 13).
We then obtain the MxM (13x13) matrix as follows:

2
64 Cα

M x 1

3
75 =

2
64 D

M x N

3
75

2
64 T̂α

N x N

3
75

2
64D−1

N x M

3
75

| {z }
Jα(MxM)

2
64C1.00

M x 1

3
75 (8)

We believe that this is the first time an exact LT for fre-
quency warping has been obtained without any modification in
the signal processing of conventional MFCC.
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Figure 2: Linear scaling relation is defined in the linear fre-
quency (Hz) domain, i.e. f̃ = αf . ν1, ν2, . . . , ν5 are the out-
puts of uniformly spaced filter bank corresponding to α = 1.00
in the Mel domain. Similarly, ν̃1, ν̃2, . . . , ν̃5 are the outputs of
warped filter bank and are non-uniformly spaced in the Mel do-
main. The bandlimited interpolation matrix is defined to obtain
ν̃i given νi.

3. Experimental Setup

In all the experiments, we present results on Resource Manage-
ment (RM) task, Number Corpus of OGI and TI-Digits. RM
task and TI-Digits are a wide-band speech having a sampling
frequency of 16KHz and 20KHz respectively. OGI is narrow-
band telephone based continuous digit corpus with a sampling
frequency of 8 KHz. For the proposed LT approach using ban-
dlimited interpolation, we require two filters positioned at zero
and Fs/2, where Fs is the sampling frequency of the speech
signal. This is because, the full symmetric spectrum (including
the frequencies at zero and Fs/2) is required for obtaining the
interpolated spectrum at warped frequencies. In all the exper-
iments we map frequency points zero and pi onto themselves
using piecewise linear warping.

In TI-Digits and OGI, the digits are modelled as whole
word simple left-to-right HMMs without skips and have 16
states per word with 5 diagonal covariance Gaussian mixtures
per state. On the RM database we performed the recognition
task with 49 monophones. The phone HMM models consist
of 3 states with 15 diagonal covariance Gaussian mixtures per
state. In both the tasks, we used a silence model having 3 states
and a single state short pause model tied to the middle state of
the silence model. The features in all tasks are of 39 dimen-
sions comprising normalised log-energy, c1, . . . , c12(excluding
c0) and their first and second order derivatives. In all cases,
cepstral mean subtraction was applied.

Table.1, shows the performance of proposed linear transfor-
mation (LT VTLN) approach along with conventional VTLN.
The baseline results for conventional VTLN as well as LT
VTLN are same. In all the results presented for VTLN, we fol-
low a two-pass recognition approach. The results in Table.1 in-
dicate that the performance of LT VTLN is comparable to con-
ventional VTLN. In case of OGI, there is slight degradation in
LT VTLN when compared to conventional approach. One pos-
sible reason could be that, OGI is narrow band telephone speech
where some of the information at low and high frequencies are
lost due to the bandpass nature of the telephone channel thus
effecting the interpolation values.

Jα=0.80

Jα=1.20

Jα=1.00
Mel-Warped

Filter-Bank

Fm

log DCT

D

C0.80

C1.20

C1.00P

Power Spectrum
Magnitude or

Figure 3: Frame work of the proposed Linear Transformation
approach. Note that the unwarped feature generation is done
and warped features are obtained using the LT matrices.

Method OGI RM-Task TI-Digits

Baseline 96.95 93.71 99.52
Conventional VTLN 97.64 94.81 99.62

LT VTLN 97.39 94.73 99.59

Table 1: Recognition performance of Conventional and Pro-
posed LT approaches to VTLN.

4. Jacobian Compensation
One of our main motivations in this paper is to study the effect
of Jacobian of the transformation. In conventional VTLN, the
Jacobian of the transformation is usually ignored as the relation
between warped and unwarped cepstral features is not known.
However, as shown in Section. 2.2, a LT relation can be obtained
and in this case the Jacobian will be simply the determinant of
the LT matrix.

4.1. Jacobian Compensation in the proposed Approach

It can be easily shown that the likelihood of the observed se-
quence (Ct) with respect to the model parameters (μ,Σ) and
the LT matrix (Bα) is equivalent to applying the LT on the ob-
servation vectors and accounting for the Jacobian of the trans-
formation [7]. This is given by:

L(Ct;μ,Σ, (Bα)−1) = N (BαCt;μ,Σ) + log(|Bα|) (9)

In Eq. 9 a single LT is applied on the model parameters, both
means (μ) and covariances (Σ). This is essentially constrained
MLLR matrix (CMLLR) [7]. Note that we could either treat
Eq. 9 as CMLLR approach to adaptation, except that in this
case the CMLLR matrix is already precomputed for each α or
equivalently we can transform the features and account for the
Jacobian. Though the LT is derived for the static features, it
can be shown that the same relation holds true for Δ and ΔΔ
using Eq. 8. The transformation between warped and unwarped
cepstral features is given by:

2
4 Cα

Cα
Δ

Cα
ΔΔ

3
5 =

2
4J

α 0 0
0 Jα 0
0 0 Jα

3
5

| {z }
Bα

2
4 C

CΔ

CΔΔ

3
5 (10)

We follow the approach in Eq. 9 to linearly transform the un-
warped features to obtain warped features and account for the
Jacobian in all our experiments using the proposed LT.

Fig. 4 shows how the log determinant values of the pro-
posed LT matrices (Bα) vary with α. Table. 2 shows the recog-
nition performance of LT VTLN with and without Jacobian
compensation. In conventional VTLN, the Jacobian cannot be
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Figure 4: Plot showing the variation of log determinant values
of Bα.

Method OGI RM-Task TI-Digits

Baseline 96.95 93.71 99.52
LT VTLN 97.39 94.73 99.59

LT VTLN + Jacobian 97.64 95.47 99.59

Table 2: Recognition performance with and without Jacobian
compensation in the proposed LT approach.

easily found and hence is ignored. We therefore do not have Ja-
cobian compensation results in conventional VTLN framework.
We observe that Jacobian compensation provides improvement
in recognition performance. Except for the case of TI-Digits,
both OGI and RM-task have shown considerable improvement
in the recognition performance.

4.2. Cepstral Variance Normalisation

In literature, cepstral variance normalisation (CVN) has of-
ten been used as an approximation for Jacobian compensation.
CVN normalises the variance of each element of the feature
vector in an utterance to be same. This may be viewed as a crude
way of normalising the data so that the Jacobian is roughly the
same for each warp factor and hence ignored [8]. The CVN
features are computed as follows:

Ccvn[i] =
C[i]−Cmean[i]p

Cvar[i]

p
Cglobalvar[i] (11)

where i indicates a particular component in the feature vector.
Here Ccvn represents the CVN features. Cmean and Cvar

represent the mean and variance values calculated over the ut-
terance for each speaker. Cglobalvar is the global variance of
the entire data, which is used to scale all the elements to the
same dynamic range of original data. Note that in CVN, the
normalisation parameter is estimated from the data while in Ja-
cobian compensation, the determinant is already precomputed
using the analytically determined transformation matrix.

Table. 3 shows the recognition performance of CVN and
Jacobian compensation using the proposed LT matrix. In the
results presented here we do CVN at segment level. Note that
the baseline results change with CVN when compared with the
baseline results in Table. 1. We observe that performing CVN
on the features generated using the conventional approach or
from the proposed LT approach have almost similar perfor-
mance. We also present the Jacobian compensation results us-
ing the proposed LT approach. We observe that in all cases
the Jacobian compensation using the LT approach has better or
comparable performance to the CVN approach.

Method OGI RM-Task TI-Digits

Baseline + CVN 96.67 93.32 99.55
Conventional VTLN + CVN 97.41 95.43 99.63

LT VTLN + CVN 97.39 95.24 99.60
LT VTLN + Jacobian 97.64 95.47 99.59

Table 3: Recognition performance of CVN along with Jacobian
compensation using the proposed LT approach.

5. Conclusion
In this paper, we show that an exact LT for VTLN warping can
be obtained without any modification in the existing framework
using conventional MFCC features. This is done by exploiting
the idea of separating the VTLN warping from the Mel filter
bank. The LT is realised using the idea of bandlimited interpo-
lation as the filter bank outputs are que-frency limited. This is
assured in the current frame work through filter bank smooth-
ing. Since a LT can be obtained for VTLN warping, we are
able to study the effect of Jacobian on the recognition perfor-
mance in ASR. We observe that the use of Jacobian compen-
sation during warp-factor estimation improves the normalisa-
tion performance. We also compare the effect of CVN with
proposed Jacobian compensation and show that the proposed
Jacobian compensation has comparable or better performance.
Unlike CVN, Jacobian compensation involves no estimation of
parameters from the speech data.
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