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Abstract
We propose an acoustic feature for speech recognition based 
on the combination of MFCC and fractional Fourier transform 
(FrFT). Since the transform order is critical for the 
performance of FrFT, we use the ambiguity function to 
adaptively determine the optimal orders of FrFT for each 
frame. The performance of the proposed feature is compared 
with traditional MFCCs on recognizing speech of isolated and 
connected digits under both clean and noisy backgrounds. 
The recognition results and detailed confusion matrices are 
given and analyzed, which implies that the proposed feature 
is promising in certain speech processing fields. 
Index Terms: fractional Fourier transform, speech 
recognition, feature extraction, ambiguity function 

1. Introduction
There has been a great amount of effort devoted to improving 
speech feature extraction. Although a considerable number of 
alternative processing schemes have been proposed, Mel-
frequency cepstral coefficients (MFCC) still remains as the 
mostly widely used feature extraction method. It models 
speech across frequency and reflects the frequency 
characteristics of human auditory system. 

Speech signal is non-stationary signal. Traditional speech 
processing methods always treat speech as short-time 
stationary, but in practice, the frequency of speech is always 
changing with time even in a short time period because of 
intonation, coarticulation or other reasons. Modeling speech 
signals as frequency modulation signals accords better with 
speech characteristics from both production and perception 
angles. From the speech production view, traditional linear 
source-filter theory lacks the ability to explain the refined 
structure of speech in a pitch period. In 1980s Teager 
discovered by experiments that vortices could be the 
secondary source to excite the channel and produce the 
speech signal. Therefore, speech should be composed of the 
plane-wave-based linear part and vortices-based non-linear 
part [1]. According to such theory, Maragos proposed an AM-
FM modulation model for speech analysis, synthesis and 
coding. The AM-FM model represents the speech signal as 
the sum of formant resonance signals each of which contains 
amplitude and frequency modulation [2]. From the perception 
angle, neurophysiological studies show that the auditory 
system of mammals is sensitive to FM-modulated (chirpy) 
sounds. This fact explains the human hearing sensitivity to 
non-stationary acoustic events with changing pitch (police 
and ambulance siren). In acoustic signal processing this effect 
is called auditory attention [3]. 

Fractional Fourier transform, as a new time-frequency 
analysis tool, is attracting more and more attention in signal 
society. In 1980, Namias first introduced the mathematical 
definition of the FrFT. [4] Then Almeida analyzed the 

relationship between the FrFT and the Wigner-Ville 
Distribution (WVD), and interpreted it as a rotation operator 
in the time-frequency plane. Since FrFT can be considered as 
a decomposition of the signal in terms of chirps, FrFT is 
especially suitable for the processing of chirp-like signals [5]. 

When using FrFT, the determination of the optimal 
transform order is always a tough problem. There is still no 
effective way to calculate the optimal orders. The step search 
method is simple but has high computational complexity. The 
method based on the location of minimum second-order 
moment of the signal’s FrFT also has its limitation [6]. In this 
paper, the ambiguity function is used to determine the optimal 
orders [7]. 
      This paper is organized as follows. Section 2 gives the 
definition and some basic properties of FrFT. In section 3, the 
method of determining the optimal orders using ambiguity 
function is introduced. In section 4, the new feature extraction 
method based on the combination of MFCC and FrFT is 
described. In section 5 the experimental results are given. 

2. Definition of the fractional Fourier 
transform

The FrFT of signal )(tx  is represented as: 
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where p is a real number and called the order of the FrFT, 
2/�� p� , ][�pF  denotes the FrFT operator, and 

),( utK�  is the kernel of the FrFT: 

2 21 cot exp cot csc ,
2 2

( , )                                                             
( - ),                                               2
( ),                          

j t uj jut

K t u n
t u n
t u

�

� � �
�

� �
	 � �
	


 �� �
� �

� �
� �

�
�              (2 1)n� �

�
�
��
�
�
�
� � ��  (2) 

The kernel has the following properties: 
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Hence, the inverse FrFT is 
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Eq.(5) indicates that signal )(tx  can be interpreted as a 
decomposition to a basis formed by the orthonormal Linear 
Frequency Modulated (LFM) functions in the u domain, 
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which means an LFM signal can be transformed into an 
impulse in a certain fractional domain. Therefore, the FrFT 
has excellent localization performance for LFM signals. 

3. Determination of the optimal orders 
The FrFT of a signal can be interpreted as a decomposition of 
the signal to a basis formed by the orthonormal LFM 
functions in the u domain, and the optimal order is related 
with the chirp rate of the LFM signal. 

The most simple and widely used method to determine the 
order is step search. The basic principle is to take the FrFT of 
the signal with a continuously variable rotation angle � , 
leading to a 2-D distribution of the signal about 
parameters ),( u� . The detection and estimation of the signal 
then can be performed by searching for the peak with a 
threshold in this distribution plane. The computation will be 
extensive when high accuracy is required, so compromise has 
to be made between the complexity and accuracy. 

Because the chirp rates of speech are usually within a 
small range, the searching procedure can be limited to a small 
range in the time-frequency (TF) domain. But this may miss 
some exceptions. An alternative way is to coarsely search the 
whole T-F plane first and determine a most probable range, 
then use a refined search to get the optimal order. 

In this paper, we use the ambiguity function to calculate 
the orders. Compared with other methods, such as the method 
based on Wigner-Ville Distribution (WVD), its computation 
complexity is lower. 

The ambiguity function of a signal is defined as 
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The ambiguity function of a chirp signal is: 
2
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where mffA ,, 0  are the amplitude, initial frequency and chirp 
rate respectively. 

It can be seen from Eq. (7) that in the ideal condition, the 
amplitude of the ambiguity function of a chirp signal is 
linearly an impulse function. It passes through the origin and 
its slope is equal to the chirp rate. Thus, we can detect the 
chirp signal by only calculating all the linear integration 
which passes through the origin [7]: 
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By searching the peak of the integration values, the chirp 
rate 

mf
�

 can be derived. The optimal order for the FrFT: 
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4. FrFT-MFCC feature extraction 
MFCC is the mostly widely used feature in speech 
recognition systems. MFCCs are computed in several steps: 
 

(1) A Discrete Fourier Transform (DFT) of a frame of 
speech is computed to obtain the magnitude 
spectrum; 

(2) The magnitude spectrum is frequency-warped in 
order to transform the spectrum into Mel frequency 
where the filterbank is uniformly spaced. The 
relationship between mel-scale and frequency is: 

10( ) 2595log (1 )
700
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 (3) Filters are multiplied with the power spectra of the frame 
to compute the energy in each filter of the filterbank         
followed by the logarithmic compression; 

(4) The discrete cosine transform (DCT) of the filterbank 
log energies are computed resulting into MFCCs. 

 
In the proposed method, MFCCs are combined with FrFT 

(denoted as FrFT-MFCC). In the first step of MFCC 
extraction, the DFT calculation is substituted by Discrete 
FrFT (DFrFT). For each frame, the optimal transform order is 
accordingly searched using the ambiguity function. The 
framework of the FrFT-MFCC extraction algorithm is shown 
in Figure 1.  

 

 
 

Figure 1:  Diagram of the FrFT-MFCC extraction 
 
In the last step, the formula used is 

1
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where N is the number of filterbank channels,  �c  and �m  
denote the FrFT-MFCC coefficients and the filterbank log 
energies in the �’th fractional domain respectively. 

5. Experimental results 
The experiments were conducted on the Chinese Mandarin 
digits database. This database was recorded in our own Audio 
Lab, which belongs to the Research Centre of Digital 
Communication Technology (RCDCT) in Beijing Institute of 
Technology. This Audio Lab conforms to the ITU standard. 

The corpus was recorded by 63 male and 62 female 
speakers. Each speaker is required to record the digits for 2~4 
times. The database is consisted of two parts: isolated digits 
and short utterances including 3~5 connected digits. Both 
parts include 10 Mandarin digits (from 0 to 9). The speech 
corpus is sampled at 16kHz, with 16 bit quantization.  In the 
clean isolated digits recognition task,  the training data 
consists of 3080 samples and the recognition is performed on 
other 1400 samples; while in the connected digits recognition 
task, 1117 utterances are used for training and other 891 
utterances for recognition.   

 
Table 1: Description of training and test sets 

 
 Training set Test set 

Isolated digits 3080 (80 speakers) 1400 (45 speakers)
Connected digits 1117 (99 speakers) 891 (99 speakers) 

Input
frame Calculate 

order p DFrFT Power 
spectrum 

Mel-frequency 
filterbank

Log DCT 

Output 
features 
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Speech is analyzed using a frame length of 25ms and a 
frame shift of 10ms. Each frame is represented by a feature 
vector of 26 dimensions. MFCCs are computed from 26 Mel-
filterbanks and the 13 dimension of cepstral coefficients 
(including the 0th coefficient) plus the corresponding delta 
coefficients, which constitutes the MFCC_0_D feature used 
in the baseline. For the proposed method, FrFT-MFCC_0_D 
features are extracted using the adaptively-searched optimal 
orders. 

The acoustic model is trained using HTK and the model 
unit is syllable. Each model has a 5-state left-to-right 
topology. The output probability distributions for each 
syllable are modeled by a mixture of 4 Gaussians with 
diagonal covariance. For connected digits recognition, the 
simple word-loop language model is used. 

5.1. Results on clean digits 
Experiments were conducted on the isolated digits corpus and 
connected digits corpus respectively. Performance of the 
MFCC and FrFT-MFCC is compared.  The experimental 
results are shown in Table 2. 

 
Table 2: Word Error Rates (WER) of clean speech (%) 
 

 MFCC FrFT-MFCC Relative drop
Isolated digits 1.43 1.21 15.40 

Connected digits 5.61 5.22 7.00 
 

From Table 2, it can be seen that both for the isolated 
digits database and the connected digits database, the 
recognition performance have improved. The WER reduces 
from 1.43% to 1.21% for the isolated digits and drops from 
5.61% to 5.22% for the connected digits. The relative 
improvements in WER are 15.4% and 7.0% respectively. 

The effectiveness of FrFT-MFCC features in speech 
recognition lies in the following reasons: First, the FrFT 
decomposes speech to a basis formed by the orthonormal 
LFM functions in the u domain instead of sine or cosine 
functions in the frequency domain. This conforms to the 
pitch-varying characteristics of tonal speech and can reveal its 
refined structure in a pitch period.  Secondly, since different 
speech has different pitch evolving trace, no single empirical 
transform order can fit for all the utterances, so searching for 
the optimal orders for each frame is necessary. It improves 
the performance at the cost of increasing the algorithm 
complexity. Thirdly, combing the FrFT with MFCC inherits 
the merits of MFCC which reflects the perceptual properties 
of human auditory system. 

Although the computation complexity of order search 
based on ambiguity function is relatively smaller than some 
other methods, it’s still huge compared with traditional FFT. 
The computational complexity of FFT is 

2( log )O N N , while 

the order detection for FrFT is 2
2( log )O N N MN� , (N is 

the length of signal, and M is the number of candidate orders) 
[8]. So how to rapidly determine the optimal orders according 
to the properties of speech still needs study. 

5.2. Results on noisy isolated digits 
We added three types of noises to the clean isolated digits: the 
white noise, the volvo noise and the babble noise. There are 5 
SNR levels for each kind of noise: 0dB, 5dB, 10dB, 15dB and 
20dB.  

The isolated digits were first cut by VAD and only the 
speech parts were retained, then they were mixed with 
different noises. The number of test speech used here is 1316, 
since some speech samples were discarded because of 
unsuitable VAD processing. The experimental configurations 
such as the sampling rate or HMM parameters remain the 
same as in 5.1. 

The recognition results for each noise and each SNR are 
shown in Table 3. For overall comparison, the average Word 
Error Rates for each noise condition over all the SNR levels 
are also given in Table 3. 

 
Table 3: Word Error Rates (WER) of isolated digits under 

noisy conditions (%) 
 

Noise SNR MFCC FrFT-MFCC
Clean >40dB 2.96 2.66

0dB 72.34 78.57
5dB 64.89 63.53
10dB 50.99 50.15
15dB 38.68 37.84
20dB 24.09 23.94

white 

Average 50.2 50.8
0dB 9.73 41.19
5dB 5.09 29.94
10dB 3.65 16.19
15dB 3.34 8.51
20dB 2.96 6.00

volvo 

Average 4.95 20.37
0dB 68.84 73.94
5dB 60.33 61.32
10dB 41.57 40.5
15dB 23.1 22.57
20dB 15.2 8.97

babble

Average 41.81 41.46
 
From the recognition results, we can see that FrFT-MFCC 

outperforms the traditional MFCC in clean condition and in 
white and babble noise conditions at high SNR levels. It 
performs especially well in babble noise at 20dB, with an 
relative WER drop of 41% (from 15.2% to 8.97%) compared 
to the traditional MFCC. It gives us a hint that FrFT might be 
effective in speech recognition with several people talking in 
the background, or in speaker recognition or separation, since 
the acoustic features for different speakers might concentrate 
in different fractional domains. In volvo noise condition at 
any SNR levels, the MFCC always performs excellent. This is 
because the volvo noise is low-pass, which means its spectral 
components concentrate in the lowest frequency bands. 
Usually there’s little overlap between the spectrogram of the 
volvo noise and the speech, in another word, the proportion of 
speech being "contaminated" by such noise is small in 
frequency domain, so it’s easy to separate the two in 
frequency domain. On the contrary, it’s not suitable to use 
FrFT in such noise condition since it may cause more overlap 
between the noise and speech in other fractional domains. 

The confusion matrix is used to analyze the detailed 
recognition results for each digit. In Table 4, the average 
word error rates for each digit over all noisy conditions are 
given. The digits and their corresponding Chinese 
pronunciations are also listed in Table 4 for convenience. For 
further analysis, the confusion matrix which is summed up 
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using all the confusion matrices under every noisy condition 
is given in Table 5.  

Table 4: Average Word Error Rates (WER) for each digit 
over all noisy conditions (%) 

 
Digits Pronunciation MFCC FrFT-MFCC

0 ling2 15.57 15.35
1 yao1 58.31 72.52
2 er4 4.84 3.43
3 san1 1.77 17.55
4 si4 4.85 6.74
5 wu3 65.94 74.83
6 liu4 42.51 51.52
7 qi1 35.17 26.23
8 ba1 39.95 57.08
9 jiu3 45.52 40.69

 
Table 5: The confusion matrix for isolated digits recognition 
 

(a) Results on MFCC 
 ba1 er4 jiu3 ling liu4 qi1 san1 si4 wu3 yao1

ba1 1171 517 0 5 0 0 245 12 0 0
er4 2 1684 0 0 0 0 63 21 0 0
jiu3 0 6 1095 115 18 0 376 379 5 16

ling2 0 0 0 1760 13 7 159 146 0 0
liu4 0 28 9 215 1147 1 141 454 0 0
qi1 0 19 0 119 4 1342 173 413 0 0

san1 6 11 0 5 0 0 1974 14 0 0
si4 0 8 0 26 3 11 34 1613 0 0

wu3 0 1 0 305 5 3 130 921 705 0
yao1 2 20 251 5 37 0 790 111 0 869

(b) Results on FrFT-MFCC
ba1 er4 jiu3 ling liu4 qi1 san1 si4 wu3 yao1

ba1 837 943 0 10 0 0 121 39 0 0
er4 2 1709 0 2 0 0 18 39 0 0
jiu3 0 2 1192 126 11 0 273 400 0 6

ling2 0 0 0 1765 0 9 101 210 0 0
liu4 0 6 31 335 967 6 118 532 0 0
qi1 0 0 0 101 0 1527 146 296 0 0

san1 8 231 0 47 0 0 1657 67 0 0
si4 0 0 0 31 0 44 39 1581 0 0

wu3 0 0 0 363 0 51 116 1019 521 0
yao1 6 55 503 74 131 0 588 155 0 573

 
From Table 4 and Table 5, it can be seen that the WERs 

for digits “jiu3”, “er4” and “qi1” are significantly lower when 
using the FrFT-MFCC. For digit “ling2”, the WER is 
somewhat unchanged. For other digits, the WERs increase 
significantly. We also did some experiment on isolated digits 
with factory and pink noise, similar conclusion can be drawn. 
For “jiu3”, the relative drop of WER comes from the 
decreased false recognition from “jiu3” to “san1”. But 
meanwhile, the false recognition from “jiu3” to “si4” and 
from “jiu3” to “ling2” is slightly increased. For “qi1”, the 
false recognition from “qi1” to “ling2”, “qi1” to “si4”, and 
“qi1” to “er4” is decreased. As for the digits “er4”, the 
confusion between “er4” and “san1” is alleviated, but for 
“er4” to “si4”, it’s worse. In a word, as the FrFT can track the 

time varying characteristics of the frequency of speech, it has 
some effect on distinguishing the tones. For example, the fall-
rise tone is very different from the high-and-level tone, but is 
not so different from the rising tone or the falling tone. 

6. Conclusions and future work 
We introduce an acoustic feature for speech recognition 

by combining FrFT and MFCC.  The transform orders for 
FrFT are searched adaptively for each frame using ambiguity 
function. Experimental results on clean Mandarin digits show 
the proposed feature achieved lower word error rate (WER) 
than traditional MFCC, and the results conducted on noisy 
isolated digits show FrFT-MFCC outperforms the traditional 
MFCC in white and babble noise conditions at high SNR 
levels, and the confusion matrices show that FrFT-MFCC 
significantly reduce the WERs for digits “qi1”, “jiu3” and 
“er4”. Optimal transform orders are critical to the 
performance of FrFT, but order search is a time-consuming 
task. Until now, there is still no highly effective order 
searching algorithms. How to quickly and accurately 
determine the optimal orders according to the characteristics 
of speech needs further study. FrFT can also be applied to 
speech enhancement, speaker recognition, etc. To combine 
the FrFT with human auditory models (like the bark bands or 
the analysis-transduction-reduction model) is also our future 
work. 
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