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Abstract
We propose a new method for an auto-meshing algorithm for
an acoustic analysis of the vocal tract using the Finite Element
Method (FEM). In our algorithm, the domain of the 3 dimen-
sional figure of the vocal tract is decomposed into two domains;
one is a surface domain and the other is an inner domain in or-
der to employ the overlapping domain decomposition method.
The meshing of surface blocks can be realized with smooth sur-
faces using a NURBS interpolation. We show the example of
the meshes for the vocal tract figure of Japanese vowel /a/, and
the trial result of the FEM simulation.
Index Terms: mesh generation, FEM simulation, NURBS sur-
face

1. Introduction
Finite Element Methods (FEM) have been used for acoustic
analysis of the vocal tract, and there have been some reports
about the transfer function that is different from the one dimen-
sional model [1]. Since the vocal tract has a complex figure, it
is difficult to mesh automatically the FEM model, and the auto-
meshing algorithm (AMA) has not been realized. In the manual
procedure of meshing, they have taken a much time-consuming
task for the 3-D vocal tract data.

In order to improve the precision of the FEM analysis, the
following conditions are required; each block has similar size,
no extraordinary collapsed block, and precise approximation of
the curved surface. In the AMA, these requirements should be
considered though it has difficulty.

Then we propose a new method for AMA to improve the
efficiency of the task of the acoustic analysis of the vocal tract.
In our algorithm, the generated blocks with meshing consist of
two parts of domain; one is a surface shell and the other is an
inner domain. If the overlapped mesh generation is tolerable for
the FEM algorithm using those two domains, the major part of
difficulty of the above mesh generation can be cleared. Since
the Domain Decomposition Method (DDM) is a well known
method for such overlapped domains, we employ a combina-
tion algorithm of the overlapped mesh generation and DDM.
We show the algorithm of the overlapped mesh generation us-
ing the NURBS, and the analysis results of the FEM for the 3-D
vocal tract data of Japanese vowel /a/.

2. Surface Extraction of Vocal Tract
We use a magnetic resonance imaging (MRI) equipment with
3 tesla at Advanced Telecommunications Research Institute In-
ternational (ATR) to measure the 3-D figure of the vocal tract
for Japanese vowels. In the measurement, the sagittal plane
is sliced 2 mm width in 38 planes. For the obtained image
data, a Region Of Interest (ROI) is set using the OsiriX DICOM
viewer, then, the STL data is generated using the function of

Figure 1: (a),(b): Extracted surface data of vocal tract from
MRI data. (c): Optimized mesh.

the OsiriX. The generated STL data is shown as an example of
Japanese vowel /a/ in Fig. 1(a). We see that the complex figure
is extracted in reasonable accuracy. The STL data includes co-
ordinate points and normal direction data of triangular mesh of
the surface.

3. Mesh Generation from STL Data
In order to employ the overlapped DDM, the domain of 3D fig-
ure of the vocal tract is decomposed into two overlapping sub-
domains of the surface blocks and the inner ones. The NURBS
surfaces are employed for the inner and outer surfaces of a sur-
face block to approximate the surface of the vocal tract pre-
cisely, and the linear interpolation is applied between the inner
and outer surfaces as shown in Fig. 2.
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Figure 2: Surface block with NURBS and inner block with
Cartesian mesh.

Figure 3: Flow diagram of NURBS mesh generation.

The flow diagram of the construction of the NURBS Block
is shown in Fig. 3. The details in the diagram are explained as
follows.

At first, in order to construct the surface blocks and inner
blocks as shown in Fig. 2, the implicit function of the surface is
approximated with the Multi-level Partition of Unity implicits
(MPU)[2]. Since the MPU is based on an idea of moving least
square approximation with the partition of unity weight func-
tion, the surface can be approximated rapidly and accurately
from large number of point data.

Secondly, the dual/primal mesh optimization [3] is em-
ployed for FEM analysis in order to optimize the mesh from
STL data. Although this method has been proposed to improve
polygonizations of implicit surfaces with sharp edges, in the
case of smooth surface, the computed triangular meshes have
similar size and no extraordinary collapsed triangle. For this
reason, this method is appropriate for the FEM simulation.

Thirdly, since it is known that the FEM solver with hex-
ahedral blocks is better than one with triangular prisms, the
optimization algorithm is constructed as many as possible of
rectangular meshes are reconstructed from triangular meshes.
From this optimization, the reconstructed rectangular mesh has
maximum internal angle under π × 0.8 rad on the surface, and
the collapsed shape of mesh can be avoided. Although the op-
timization is applied for all triangles, there are some pairs of
triangular mesh that are not satisfied with the above condition.
As a result of the optimization from the STL data shown in Fig.

Figure 4: Conceptual diagram of projection interpolation point
onto implicit surface. (a): For outer surface. (b): For inner
surface.

1(b), the computed mesh contains rectangles and triangles is
shown in Fig. 1(c).

Fourth, the NURBS surface is employed for an outer and
inner surface of the surface block to approximate precisely the
smooth surface. As in Fig. 4(a), the points P1 and P2 on the
surface are given as the vertices of the optimized mesh, and
the interpolation algorithm between P1 and P2 is shown as ex-
ample of 2-dimentional case for simplicity. Normal direction
vectors n1 and n2 are set as shown in the Fig. 4(a). The initial
interpolation point QSur

i0 of the outer surface is defined as

QSur
i0 =

iP2 + (m − 1 − i)P1

m − 1
(i = 0, 1, · · · , m − 1),

(1)
where i is the index of position, and m is a number of interpola-
tion point on the surface of a surface block. Then, QSur

i is put
on the implicit surface using the following steps [3];

1. Compute a vector vi = in2+(m−1−i)n1
m−1

.

2. Set QSur
i = QSur

i0 .

3. If |f(QSur
i )| < ϵ, then terminate. Otherwise set Qt =

QSur
i .

4. Set R = Qt − αf(Qt)vi.

5. If f(R)f(Qt) < 0, then search for QSur
i ∈ RQt by

the bisection method and terminate.

6. Otherwise set Qt = R and return to Step 4.

where f(x) is the implicit function, α(> 0) an appropriate
small constant, and ϵ an admissible error.

Fifth, in order to construct the inner surface of the surface
block, the interpolation points QIn

i are computed iteratively
from QSur

i as shown in the Fig. 4(b). The initial QIn
i0 is set

to QSur
i , and the final iteration of QIn

i is obtained by the fol-
lowing recursion with appropriate steps;

QIn
i ← QIn

i − α
▽f(QIn

i )

| ▽ f(QIn
i )|

, (2)

where α is a length of the each step.
The meshing of surface blocks can be realized as the above

algorithm.
The algorithm for the inner blocks is explained as follows.

A construction of inner blocks is performed by checking the
sign of the implicit function. If the implicit function is negative
at all vertices of a block, the block is in the inner side of the
vocal tract, otherwise the block is in the outer side of the vocal
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Figure 5: The generated meshes for Japanese vowel /a/. Red
blocks: Cartesian blocks. Green curves: Outer NURBS sur-
faces along implicit surface. Light blue lines: lines connecting
inner NURBS surfaces with outer those. Inner NURBS surfaces
can not be seen since these are buried in the Cartesian blocks.

Figure 6: The conceptual diagram of the DDM.

tract. Then, the block in the outer side are not used in the FEM
model, and the block in the inner side are used as the inner
domain.

Using the above optimization algorithm, we obtain the
mesh for the vocal tract, and show an example for Japanese
vowel /a/ in Fig. 5. We see that the surface blocks are generated
smoothly.

4. DDM for Helmholtz Equation
It is well known that the acoustic wave equation in steady state
is represented using velocity potential Φ(x, ω) as

∇2Φ(x, ω) +
ω2

c2
Φ(x, ω) = 0 in Ω, (3)

where ω is angular frequency and c is sound velocity.
In the DDM, the domain Ω is decomposed into small sub-

domains Ωi as shown in Fig. 6, so that the matrix size and the
condition number of Ωi are smaller than that of Ω. Moreover,
the DDM is appropriate for a parallel algorithm, so that the nu-
merical computation can be solved faster.

In order to employ the DDM, the domain Ω (the entire vo-
cal tract) is decomposed into two subdomains Ω1 as the surface
domain and Ω2 as the inner domain, where domains Ω1 and
Ω2 are overlapped, Ω1

T

Ω2 ̸= ∅. For the artificial bound-
aries ΓDDM1

= ∂Ω1

T

Ω2 and ΓDDM2
= ∂Ω2

T

Ω1, the
boundary conditions are implied for the Helmholtz equation to

stabilize the computation [4];

∂

∂n1
Φ1(x, ω) + j

ω

c
Φ1(x, ω)

=
∂

∂n1
Φ2(x, ω) + j

ω

c
Φ2(x, ω) on ΓDDM1

(4)

and

∂

∂n2
Φ2(x, ω) + j

ω

c
Φ2(x, ω)

=
∂

∂n2
Φ1(x, ω) + j

ω

c
Φ1(x, ω) on ΓDDM2

. (5)

In the numerical computation, the above equations are applied
alternately, and the solutions are converged iteratively.

In order to formulate the total equations of our problem, the
all boundary condition is embedded such as wall impedance, ra-
diation impedance, driving surface, and the artificial boundaries
of the DDM. The obtained weak form of the domain Ω1 for the
FEM simulation is written as follows;

Z

Ω1

∇Φ1(x, ω) · ∇v(x)dΩ1

−ω2

c2

Z

Ω1

∂

∂t
Φ1(x, ω)v(x)dΩ1

+
jωρ

Zwall

Z

Γwall
Φ1(x, ω)v(x)dΓwall

+
jωρ

Zrad

Z

Γrad
Φ1(x, ω)v(x)dΓrad

+j
ω

c

Z

ΓDDM1

Φ1(x, ω)v(x)dΓDDM1

= −
Z

Γin
Φin(x, ω)v(x)dΓin

+

Z

ΓDDM1

∂

∂n1
Φ2(x, ω)v(x)dΓDDM1

+j
ω

c

Z

ΓDDM1

Φ2(x, ω)v(x)dΓDDM1
, (6)

where ρ is the air density, Zwall the wall impedance of the vocal
tract, Zrad the radiation impedance, and Φin(x, ω) the sound
velocity at the driven surface.

In the above integration, the following transformation is
used for the each block. If the outer surface and inner surface of
a block are represented as SSur(ξ1, ξ2) and SIn(ξ1, ξ2) respec-
tively, the representation for a transformation from a rectangular
computational domain to an arbitrarily shaped physical domain
is given as

X(ξ1, ξ2, ξ3) = (1 − ξ3)S
Sur(ξ1, ξ2) + ξ3S

In(ξ1, ξ2), (7)

where ξ1, ξ2, ξ3 is the computational coordinates (0 ≤
ξ1, ξ2, ξ3 ≤ 1). In Fig. 7, the transformation between the com-
putational and physical domains is shown.

5. Acoustic Simulation Using FEM
In this section, we evaluate the result of FEM analysis with the
Cartesian mesh for the vocal-tract transfer function and veloc-
ity potential. In the analysis, the Kamiyama’s model of soft
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Figure 7: Transformation between computational and physical
domains.

Figure 8: Distribution of absolute value of velocity potential at
3 kHz.

wall[5, 6] is used for the wall impedance Zwall, and the ra-
diation impedance model with the infinite baffle [7] is used for
Zrad as a trial. The driving surface is driven by volume velocity
Φin(x, ω) = ejωt.

The FEM analysis is computed using the trilinear finite ele-
ment, where the element size is 1 × 1 × 1 mm, and the number
of element is 47,162.

The distribution of the absolute value of velocity potential
Φ(x, ω) is shown as the result of the FEM simulation for at 3
kHz in Fig. 8.

The vocal-tract transfer functions for Japanese vowel /a/
are shown in Fig. 9 in which the real line shows the result of
the FEM simulation, and the dot line shows the result of the
equivalent-circuit model without branches. It is seen that the
result shows the large differences between the FEM and circuit
model. In the transfer function of the FEM simulation, extra
poles and zeros can be seen above 4 kHz. However, since the
Cartesian mesh only is used for the FEM simulation, in this
case, there would be some errors in high frequency region.

The total simulation including the surface domain should
be performed, and it would be shown in near future.
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Figure 9: Transfer functions of the vocal tract. Real line: the re-
sult of the FEM simulation. Dot line:the result of the equivalent-
circuit model.

6. Conclusions
We proposed a new method to generate the mesh of the vocal
tract. In the method, the surface and inner blocks are generated,
and the algorithm for optimization is obtained for the DDM for-
mulation.

An algorithm of the DDM has been established. Then we
would show the result of the acoustic analysis of the vocal tract
using the DDM in the session.
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