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Abstract
This paper presents a probabilistic algorithm that extracts a

mapping between two subspaces by representing each subspace as
a collection of states. In many cases, the data is a time series with
temporal constraints. This paper suggests a method to impose
these temporal constraints on the transitions between the states of
the subspace.

This probabilistic model has been successfully applied to the
problem of speech enhancement and improves the performance of
a Wiener filter by providing robust estimates of a priori SNR.
Index Terms: speech enhancement, EM, bayesian estimation.

1. Introduction
Additive noise is often present and affects various systems. Noisy
speech is not only perceptually difficult to process, it also causes
auditory fatigue. Noise also adversely impacts the performance
of speech recognition system. To combat these effects, speech
enhancement techniques have been employed in a broad range of
applications ranging from hearing aids to cellular phones.

Speech enhancement is an important step in many speech re-
lated applications, and has been an area of very active research
over the years. Various algorithms have been developed to de-
noise speech depending on the type of noise and application
area. Most enhancement algorithms can be broadly classified into
Wiener filtering [1], signal subspace modeling [2], statistical and
parametric modeling and spectral or cepstral restoration [3] al-
though other methds exist.

One of the most important parameters in many of these al-
gorithms is the a priori signal-to-noise ratio (SNR) estiamte..
Ephraim and Malah [3] proposed a decision-directed (DD) ap-
proach to estimate this parameter efficiently.

In this paper we propose a method to probabilistically map
two distinct subspaces and use this model to efficiently and reli-
ably estimate the a priori SNR. The a priori SNR estimate using
this model improves the performance of a general Wiener filter
that uses the DD based approach to estimate a priori SNR and
matches the performance of the Ephraim and Malah speech en-
hancer.

The paper is organized as follows: Section 2 discusses the
proposed model, the training algorithm to estimate the model pa-
rameters, and the speech production process as it relates to the
model. Section 3 explains the speech enhancement problem, the
Viterbi solution to find the optimal path and the iterative MAP
estimator of the a priori SNR. Section 4 presents the results fol-
lowed by a small discussion and the conclusion in Section 5 and
Section 6 respectively.

2. Probabilistic Subspace Maps
Many signal processing algorithms perform the task of map-
ping/transforming variables from one subspace (domain) to an-

other (range). This mapping or transform (T) can be linear
(Kalman filter) or nonlinear (Particle Filter/Extended Kalman fil-
ter), but in both cases the transform must be known in advance
and must be deterministic.

Kalgaonkar and Clements in [4] suggested a method to prob-
abilistically map the domain, range and the transform T, that was
modeled as a set of discrete probabilities. The model was suc-
cessfully applied to perform bandwidth expansion. This paper
presents a new model to generate the probability map by impos-
ing constraints on transitions within a subspace. These constraints
improve the modeling of temporal characteristics of time-series
data such as speech.

A non-constrained subspace model can also be used to per-
form speech enhancement but, these models do not exploit the
process of speech production, and fail to perform better than tra-
ditional speech enhancement techniques. The new model de-
rives the constraints on the subspaces from source filter model
of speech production.

2.1. The Model

Figure 1 shows the graphical model for the Subspace mapping.
The symbols θ and q represent the hidden states that model Sub-
spaces P and Q respectively. Given sufficient training data, Sub-
spaces P and Q can be modeled with N and M distinct states.
The states of the Subspace Q form a first order hidden Markov
chain (HMM) where the transition from a current state qt to qt+1

(t is the time instant) is governed by set of probabilities Aq such
that p(qt = j|qt+1 = i) = aq

ij , where
P

j a
q
ij = 1. Each of

the M states of Q are modeled with Gaussian mixtures with L
Gaussian components as shown in Equation (1)

p(xt|qm) =

LX
l=1

wm,lN (μm,l
q ,σm,l

q ) (1)
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Figure 1: Graphical Model of the Probabilistic Maps

Similarly the Subspace P is mapped with N Gaussians
N (μn

θ ,σ
n
θ ) where n = 1, 2, . . . , N . The Gaussians that map

both subspaces have diagonal covariances also, the transforma-
tion between states of P and Q are encoded in a transition matrix
A, where amn = p(θm|qn) and

P
m amn = 1
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2.2. Parameter Estimation using EM

Each subspace of the model has a different structure, and differ-
ent set of parameters. The Subspace Q is modeled with a HMM
which has three parameters to estimate, Λ = {π,Aq, p(xt|qm)},
where π are the initial probabilities of the states. Estimation of
these parameters is performed using standard expectation maxi-
mization (EM) [5], that involves two steps:

Compute the a posteriori probabilities during the E-step:

p(xt,pt|qm, θn) =
p(xt,pt, qm, θn)

MX
m=1

NX
n=1

p(xt,pt, qm, θn)

(2)

where the joint probability is given by Equation (3)

p(xt,pt, qm, θn) = p(pt|θn)p(θn|qm)p(x(1:t), qm) (3)

As the Subspace Q is modeling a time series the term
p(x(1:t), qm) is the probability of observing a sequence of x upto
time instant t, this is computed using the forward-backward algo-
rithm for HMM [6].

In the M-step, the complete data likelihood L is maximized:

L = Eq,θ|x,p,Ω{log p(xt,pt, qm, θn)} (4)

where Ω = {Λ,A,Θ}, are the complete model parameters.
Parameter estimation is performed by alternatively solving

Equations (3) and (4). Details of the parameter estimation will
not be presented here due to space constraints.

Solving for the parameter of Subspace Q

πm =

NX
n=1

p(qm, θn|xt,pt)

MX
i=1

NX
n=1

p(qm, θn|xt,pt)

(5)

aqms =

T−1X
t=1

NX
n=1

p(qm, qs, θn|xt,pt)

T−1X
t=1

MX
m=1

NX
n=1

p(qm, θn|xt,pt)

(6)

wm,l =

TX
t=1

NX
n=1

p(qlm, θn|xt,pt)

TX
t=1

NX
n=1

p(qm, θn|xt,pt)

(7)

μm,l
q =

TX
t=1

NX
n=1

p(qlm, θn|xt,pt)xt

TX
t=1

NX
n=1

p(qm, θn|xt,pt)

(8)

σm,l
q =

TX
t=1

NX
n=1

p(qlm, θn|xt,pt)(xt −μm,l
q )2

TX
t=1

NX
n=1

p(qm, θn|xt,pt)

(9)

The parameters of the HMM can be efficiently computed using
Equations (5) through (9) and a modified version of Baum-Welch
method [6].

Parameters of Subspace P , Θ = {μθ,σθ} can be similarly
estimated.

2.3. Speech Production and Probabilistic Subspace Maps

The source filter model breaks speech production into two blocks:
the glottal source which provides the excitation and the Vocal
Tract (VT) which shapes the excitation to produce speech. It is
impossible to know the real excitation and VT characteristics even
while measuring the pressure or velocity at the lips of the talker.
Without actual measurements, it is possible to make multiple in-
direct observations of both the vocal tract and excitation. The
speech spectrum is one such observation.

The physiology of the talker who performs at finite speed,
and has a vocal tract with finite flexibility, imposes constraints
on the vocal tract time series that will be used to model the Sub-
space Q. We model the actual vocal tract as the hidden state in
Subspace Q. The anatomical constraints put physical restrictions
on transition between the states ‘qm’of the Subspace Q. Linear
Prediction Coefficients, Partial Correlation coefficients, Log Area
Ratios and Line Spectral Pairs (LSP) all provide valid observa-
tions that can help infer the true state of Subspace Q, the actual
vocal tract shape. In these experiments LSP along with the gain
of the predictor polynomial were used as the observations xt.

One of the interesting properties about the vocal tract area
function is its many-to-one relationship with the speech spectrum,
as shown by Kalgaonkar and Clements [7]. This multiplicity ex-
plains the many-to-one functional mapping between Subspace Q
and Subspace P which, probabilistically models the magnitude
spectra of speech. This simplified model is shown in Figure 2.
The shaded circles represent observations of the subspaces.

q1 q2 q3

�1 �2

p

x x x

p

Subspace Q (x - LSP and gain)

Subspace P (p - Magnitude Spectra)

Figure 2: Probabilistic Subspace Map for Speech Enhancement

3. Speech Enhancement
Let s and n denote the speech and the uncorrelated additive noise
signals and let y = s+ n be the observed signal.Then the speech
enhancement problem can be formulated as finding the estimator
that minimizes the conditional expectation of distortion(D) given
the noisy speech.

ŝ = argmin
ŝ

E{D(s, ŝ)|y} (10)

The problem of enhancement can be efficiently performed in
the spectral domain. Applying a short-time Fourier Transform
to the observed signal, the problem now becomes Y (k, l) =
X(k, l) + N(k, l), where Y (k, l), X(k, l) and N(k, l) are the
magnitude spectra of the noisy speech, clean speech and noise,
for the kth frame of speech and the lth frequency bin. The in-
dices k and l will be dropped for brevity.

The generalized solution of the problem (10) can be written
as bX = G(ξ, η)Y , where G is the gain of the denoising filter
which is a function of ξ = (X

N
)2 the a prior SNR and η = ( Y

N
)2

the a posteriori SNR. This convention is adopted from McAulay
et al. [8]

The specifics of the gain function depend on the choice of
distortion measure, for a Wiener filter that uses squared-error as a
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distortion measure, the gain function is given by:

GW (ξ) =
ξ

1 + ξ
(11)

As seen from the Equation (11), the goal of Wiener filtering is to
estimate the a priori SNR (true power spectrum) given the noisy
measurements, which is not an easy task. One way to circumvent
the problem is to estimate the noise spectrum, and compute the
Weiner filter using G = Y 2−N2

Y 2 , or use the decision directed
approach to compute the a priori SNR.

We solve the problem of estimating the a priori SNR by us-
ing the constraint maps explained in Section 2.3. The estimation
problem now becomes:

max
xt,q(1:t)

p(xt, qt|p(1:t)) = max
xt

p(xt|qt)max
q(1:t)

p(q(1:t)|p(1:t)) (12)

The problem in Equation (12) involves two steps. The first step
estimates the value of xt given an optimum/most likely state q∗m
at time t and the second step of the problem is to estimate the most
likely state sequence q∗(1:t) given the spectral observations p(1:t).
The two problems are separable and can be independently solved
in reverse order.

3.1. Finding the Most Likely State Sequence
The problem of estimating the optimal state sequence can be
rewritten as:

max
q(1:t)

p(q(1:t)|p(1:t))max
q(1:t)

NX
n=1

p(q(1:t),p(1:t), θn) (13)

=
h
max
q(t)

p(qt|qt−1)

NX
n=1

p(qt,pt, θn)
i

max
q(1:t−1)

p(q(1:t−1)|p(1:t−1))

(14)

Equation (14) is solved using the Viterbi algorithm, to yield
the most likely path q∗(1:t) in Subspace Q.

3.2. Estimating the Speech Spectrum
Given the most likely path through the Subspace Q, the task now
boils down to estimating the vocal tract parameters (xt) and the a
priori SNR. The problem of estimating xt given the optimal path
can also be framed as:

max
xt

X
qt

p(qt|q∗(t−1))p(xt|qt)Φ(qt) (15)

where Φ(qt) is the
PN

n=1 p(pt|θn)p(θn|qt). Maximizing (15)
with respect to xt gives a simple iteration (16), that generally con-
verges in 3 to 5 steps.

x
(k)
t =

MX
m=1

p(qt|q∗(t−1))Φ(qt)

LX
l=1

wm,lNm,l(x
(k−1)
t )(

μm,l
q

(σq)m,l
)

MX
m=1

p(qt|q∗(t−1))Φ(qt)

LX
l=1

wm,lNm,l(x
(k−1)
t )(

1

(σq)m,l
)

(16)
where ‘k’ indicates the iteration number.

The a priori spectrum of speech can be estimated from the
LSP coefficients and the gain using (17)

bX =
g2

Pss(f)
(17)

where Pss = (|A(exp j2πf/fs)|)2, A is the prediction polyno-
mial estimated form xt, and g is the linear prediction gain.

In the presence of noise, the speech signal no longer resides
in the Subspace P but is now present in a modified Subspace P .
The parameters of this new Subspace P can be derived given the

noise model. As an example, if the noise n corrupting the speech
s is White and is modeled with mean μ and variance σ, the pa-
rameters of subspace P are given by Equation (18) and (19)

μn
θ = μn

θ + δμ (18)
σn

θ = σn
θ + δ2σ where 1 ≤ n ≤ N (19)

Where δ is the variation in the energy between training and esti-
mated noise.

The complete speech enhancement procedure is given in Al-
gorithm 1.

Algorithm 1 Denoise Speech using the Probabilistic mapping
1: while Noisy Speech do
2: Estimate the noise spectrum.
3: Update the noise gain δ.
4: Adapt Subspace P using Equations (18) and (19).
5: Estimate the ML state sequence q∗(1:t) using Equation (14).
6: Estimate the the VT parameters using Equation (16).
7: Compute the a priori SNR using Equations (17) and noise

estimate from Step 2.
8: Compute the Wiener gain using Equation (11).
9: Estimate the clean speech using the Wiener filter generated

in Step 8
10: end while

4. Experiments and Results
Experiments were conducted using recordings from six speakers,
three males and three females. The recordings were obtained from
the Wall Street Journal Database, using 15-20 minutes of 16KHz
data from each speaker. Five type of noise recordings ‘babble’,
‘Pink’, ‘Volvo’, ‘White’ and ‘Factory’ were selected from the
NOISEX-92 database. Speech enhancement tests were conducted
on audio data not used in training the model.

Both training and test data were analyzed with a 32 msec
Hamming window with 50% overlap between adjacent frames.
16 LSP coefficients were obtained for each frame, which form
the observations of Subspace Q. A 512 point FFT was performed
for each frame to obtain 257 distinct coefficients for Subspace P .
Models of various sizes (M and N ) were trained, but the results
presented here are for a model with M = 75 and N = 300.
In our experiments we found that this model size was sufficient
for the number of speakers that were involved in the experiments.
Reduction in the size of model to (M,N) = (40, 100) degraded
the performance of the system by 0.5 to 1 dB.

A simple three-class, voice activity detector (VAD) based on
spectral distance, zero crossing rate, and energy was used to iso-
late noisy speech frames from noise. Noise was modeled with a
10 component Gaussian mixture model prior to the start of the
enhancement procedure. This noise model was continuously up-
dated with the information from the VAD. We used the same noise
estimator for the evaluation of the performance of all the enhance-
ment algorithms.

The performance of the system was measured in terms of
spectral distortion given by:

D =
20

KL

KX
k=1

LX
l=1

˛̨̨“
log10 |X(k, l)| − log10 | bX(k, l)|

”˛̨̨
(20)

Figure 3 shows comparative performance for four speech en-
hancement techniques: Wiener Filter (WF) with decision directed
a prior SNR estimation, Wiener filter with a prior SNR estimated
using constrained Probabilistic maps (WPM), Ephraim and Malah
speech enhancer (E&M) [3] and an oracle Wiener filter with per-
fect knowledge of the speech and noise Spectra (OWF). As seen
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Figure 3: Spectral Distortion vs SNR comparison plots for Wiener, Wiener modified with Probabilistic Maps, Ephraim and Malah and
Oracle Wiener (Both noise and speech spectra known)

in the figures, the performance of the WPM is very similar to the
performance of the E&M algorithm.

The use of constrained probabilistic maps to estimate the
speech spectrum improves the estimation of the a priori SNR by
providing a better and more reliable estimate of the speech spec-
tra, which consequently improves the spectral distortion perfor-
mance of WPM over the normal WF by 2 dB on average. Table 1
lists the spectral distortion performance for Pink noise.

Table 1: Spectral Distortion for Pink Noise

SNR(dB) Spectral Distortion (dB)
WF WPM E&M OWF

-10 8.3219 8.3787 8.1083 7.8662
-5 8.1896 6.8669 6.7107 6.7076
0 8.1264 5.6072 5.5764 5.6406
5 7.7252 4.6699 4.7029 4.6440

10 7.4998 4.0825 4.1229 3.7189

5. Discussion
The purpose of this paper is to suggest a framework for mapping
subspaces using probabilities. Speech enhancement is an inter-
esting application of this framework. One of the important dis-
tinctions between the proposed enhancement algorithm and the
existing technique is the lack of parameter modeling. The current
technique does not suggest a model of LPC or spectra but estab-
lishes a mapping which in the real world is nonlinear and difficult
to extract. Further the impact of additive noise on this mapping
cannot be clearly extracted otherwise.

This mapping is now exploited to estimate clean speech spec-
trum from noisy measurements. E&M used elaborate statistical
models for speech and noise. In this work no such models were
used to improve the performance of the Wiener filter to parallel
that of E&M. Our goal is to exploit noise statistics to jointly es-
timate the clean speech and noise spectrum thereby providing a
Wiener filter that approaches performance of the Oracle.

6. Conclusions and Future work
This paper presents a new statistical model that probabilistically
maps subspaces and transforms between subspaces. This model
also imposes constraints on state transition within a subspace by
using a HMM to model the subspace.

This new model is applied to the problem of speech enhance-
ment. The algorithm suggested in the paper improves the perfor-
mance of the general Wiener filter. Informal listening tests have
shown that the perceptual performance of the WPM Wiener filter

is better than the rest of the algorithms This performance boost
is achieved by improving the estimate of the a priori SNR, that is
used to estimate the filter gain.

This paper presents our preliminary work on application of
the model for speech enhancement. The target of this research is
to get the performance of the Wiener filter close to the Oracle, by
exploiting the characteristics and non stationarity of the noise. We
are also exploring the application of the model to other problems
like speaker separation.
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