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Abstract
In this paper we present a method based on a time-varying sinu-
soidal model for a robust and accurate estimation of amplitude
and frequency modulations (AM-FM) in speech. The suggested
approach has two main steps. First, speech is modeled as a si-
nusoidal model with time-varying amplitudes. Specifically, the
model makes use of a first order time polynomial with com-
plex coefficients for capturing instantaneous amplitude and fre-
quency (phase) components. Next, the model parameters are
updated by using the previously estimated instantaneous phase
information. Thus, an iterative scheme for AM-FM decompo-
sition of speech is suggested which was validated on synthetic
AM-FM signals and tested on reconstruction of voiced speech
signals where the signal-to-error reconstruction ratio (SERR)
was used as measure. Compared to the standard sinusoidal rep-
resentation, the suggested approach found to improve the corre-
sponding SERR by 47%, resulting in over 30 dB of SERR.
Index Terms: Sinusoidal modeling, AM-FM demodulation,
Speech analysis, Speech reconstruction

1. Introduction
AmplitudeModulated and FrequencyModulated (AM-FM) sig-
nals are present everywhere in natural sounds including the hu-
man voice. Focusing in speech, amplitude and frequency mod-
ulations are strongly related with the speech production mecha-
nism; from the glottis to vocal tract and to the lips. Not all the
frequency bands of speech are affected by these modulations in
the same way neither these modulations are similar to all speak-
ers.

In the literature, there are two major categories of al-
gorithms in analyzing an AM-FM signal and estimating its
time-varying components. The first category is through non-
parametric time-frequency representations like Spectrogram or
STFT, Wigner-Ville distribution [1] and Choi-Williams distri-
bution [1] [2]. In the second category, a model for the ana-
lyzed signal is implicitly or explicitly assumed and then the
proposed techniques are trying to estimate the instantaneous
components of the signal (the terms ‘demodulation’, ‘separa-
tion’ and ‘decomposition’ are also used in the same context).
Analytic signal estimated through Hilbert transform is used to
demodulate an AM-FM signal [3] while Energy Operators like
Teager-Kaiser energy operator [4] were applied for AM-FM de-
modulation [5] [6]. All the above ways manifest their limita-
tions especially if the input signal, like speech, is a multicom-
ponent signal [7]. Parametric approaches such as Fan-Chirp
transform was recently suggested in [8] [9] for speech analysis
trying to address the time-varying and multicomponent charac-
ter of speech. However, important parameters such as the chirp
rate, that controls the time-varying frequency characteristics of
the signal, is usually computed separately from the other param-

eters of a model, which may lead to suboptimal solutions and
inaccurate estimations.

In this paper, we suggest an iterative approach for esti-
mating the instantaneous components of a time varying multi-
component AM-FM signal based on a time-varying sinusoidal
model. The initial (or basic) model was introduced by Laroche
et al. [10] for audio and speech analysis [11]. In [12], the model
was re-introduced revealing its main properties. It was shown
that it is equivalent to a time-varying quasi-harmonic represen-
tation of speech. In the following, the basic model will be re-
ferred to as Quasi-Harmonic Model, QHM. In this paper we
extend the use of QHM in decomposing a speech signal into
its instantaneous amplitude and frequency components by sug-
gesting an iterative scheme. More specifically, at each itera-
tion we suggest to update the basis functions where the input
signal is projected by using the instantaneous phase informa-
tion estimated in the previous iteration. This will be referred to
as iQHM. The suggested approach for AM-FM decomposition
was validated on synthetic multi component AM-FM signals
and tested on voiced speech signals. Examples of speech signal
reconstruction are provided, showing the accuracy in estimating
the AM and FM components in speech.

The organization of the paper is as follows. Section 2
overviews the main properties of the basic QHM model and
provides the motivation of using the model for the decompo-
sition of a signal into AM and FM components. In Section 3
the computation of the instantaneous components is developed
and the iterative QHM (iQHM) is described. Experiments on
synthetic multi-component AM-FM signals and of high-quality
voice speech signal reconstruction are presented in Section 4.
Section 5 concludes the paper.

2. AM-FM signals and QHM
Let us consider a time varying multi-component AM-FM signal

s(t) =

K(t)X
k=1

ak(t)cos(φk(t)) (1)

whereK(t) is the number of components, and ak(t) and φk(t)
are the instantaneous amplitude (AM) and phase modulation
(PM) of the kth component, respectively. Another important
time-varying component of s(t) is its instantaneous frequency
(FM), νk(t), which is defined as the first derivative over time of
the instantaneous phase

νk(t) =
1

2π

dφk(t)

dt
(2)

Let us further assume that the analysis of the AM-FM signal is
performed frame-by-frame, and that frame l occurs at time tl:

sl(t) = s(t− tl)w(t) (3)

Copyright © 2009 ISCA 6-10 September, Brighton UK104

10
.2

14
37

/I
nt

er
sp

ee
ch

.2
00

9-
24



where w(t) is the analysis window which is zero outside a sym-
metric interval [tl− t0, tl + t0] (tl is considered as the center of
analysis window). We suggest to model the lth frame of s(t),
as

y(t) =

 
KX

k=−K

(ak + tbk)e
2πjfkt

!
w(t) − t0 ≤ t ≤ t0,

(4)
where we shifted the analysis interval to the origin, i.e., t =
t− tl while we considered the number of components, K, to be
constant over the analysis window. In (4), ak and bk denote the
complex amplitude and complex slope of the kth component.
Assuming thatK and frequencies fk are known, the estimation
of ak and bk is obtained by minimizing the mean-squared error
between the model and the input signal. This leads to a simple
least squares solution [11].

To better understand the connection between AM-FM sig-
nals and QHM we suggest further discussing the time and fre-
quency domain properties of QHM.

2.1. Time-Domain Properties of QHM
From (4), it is easily seen that for each component the instanta-
neous amplitude for frame l is a time-varying function and it is
given by

Mk(t) = |ak + tbk|

=
q

(aR
k + tbRk )

2 + (aI
k + tbIk)

2
(5)

where xR and xI mean the real and imaginary parts of x, re-
spectively. The instantaneous phase is given for each compo-
nent by

Φk(t) = 2πfkt+ � (ak + tbk)

= 2πfkt+ atan
aI
k + tbIk

aR
k + tbRk

(6)

while the instantaneous frequency is given by

Fk(t) =
1

2π

dΦk(t)

dt

= fk +
1

2π

aR
k b

I
k − aI

kb
R
k

M2
k (t)

(7)

2.2. Frequency-Domain Properties of QHM
QHM can be written in frequency domain as:

Y (f) =
KX

k=−K

`
akW (f − fk) + jbkW

′(f − fk)
´

(8)

where W (f) is the Fourier transform of the analysis window,
w(t) andW ′(f) is the derivative ofW (f) over f . In [12], the
projection of bk to ak

bk = ρ1,kak + ρ2,kjak (9)

was suggested where jak denotes the perpendicular (vector) to
ak. Also it was shown that for small values of ρ2,k the kth
component of Y (f) can be approximated by:

Yk(f) ≈ ak

h
W (f − fk − ρ2,k

2π
) + jρ1,kW

′(f − fk)
i
(10)

Going back to the time domain, the kth component of y(t) is
written as:

yk(t) ≈ ak

h
ej(2πfk+ρ2,k)t + ρ1,kte

j2πfkt
i
w(t) (11)

In (11), the term ρ1,k admits the following expression:

ρ1,k =
dMk(t)

dt
|t=0

Mk(0)
(12)

and thus provides the normalized slope of the instantaneous am-
plitude of the kth component at the center of the analysis win-
dow. The term ρ2,k can be expressed as

ρ2,k =
aR
k b

I
k − aI

kb
R
k

M2
k (0)

and then from (7) it follows that:

Fk(0) = fk +
ρ2,k
2π

(13)

Thus, ρ2,k is the mismatch between the analysis frequency fk
and the value of the instantaneous frequency at the center of
analysis window. In [12], ρ2,k was used to adjust the analysis
frequencies, thus providing robust and accurate representation
of nearly-harmonic signals like speech [12].

2.3. Motivation
The motivation of using QHM for AM-FM decomposition
stems from the Taylor series expansion of the instantaneous
phase of kth component in (1). At the center of the analysis
window (i.e. relative time equals to zero) we have:

φk(t) = 2πζkt+
∞X
i=0

φk,i
ti

i!
(14)

where ζk is the carrier frequency while φk,i are the Taylor se-
ries coefficients. φk,0 accounts for the phase offset of the kth
component while φk,1 can be viewed as a frequency mismatch
of the carrier frequency. Then, from (2) and (14), the instanta-
neous frequency of the kth component is given at the center of
the analysis window by

νk(0) = ζk +
φk,1

2π
(15)

Let us assume that the carrier frequencies, ζk, are known or
have been estimated and set fk = ζk. We suggest then that the
frequency mismatch, φk,1, can be estimated by the correction
term ρ2,k of QHM: φ̂k,1 = ρ2,k. If our suggestion is valid,
this leads to a simple method for the estimation of the instanta-
neous frequency νk(t) at the center of the analysis window (i.e.,
νk(0)).

3. Computing the instantaneous
components

We are now able to analytically develop the AM-FM decom-
position algorithm. Let ak,l and bk,l denote the complex am-
plitude and slope estimated at time tl. Then, given an initial
estimate of the instantaneous frequency, ν̂k(t0), the algorithm
has two main steps.

For l = 1, 2, ...

1. Compute the ak,l and bk,l through Least Squares (LS)
using f l

k = ν̂k(tl−1).

105



2. Compute instantaneous components.
For k = 1 . . .K:8<
:

âk(tl) = Mk(0) for t = 0 in (5)
φ̂k(tl) = Φk(0) for t = 0 in (6)
ν̂k(tl) = Fk(0) for t = 0 in (7)

3. Move to the next time instant tl+1 and go to 1).

The algorithm is intuitively simple, and, as concerns its
complexity, the most time-consuming part is the computa-
tion of ak,l and bk,l via LS at each time step. The cost is
O((2K)3 + 2KN), where N is the length of the window in
samples and K is the number of components. For comparison
purposes, when there is only one component, the complexity
of each step is O(2N) with N quite small, which is compara-
ble to algorithms with very low complexity such as the DESA
algorithm [5].

3.1. Importance of Window Length
From (4) and since fk are considered to be known and ak and bk
are complex numbers, it follows that there are 4K unknowns to
estimate at each analysis frame, whereK is the number of com-
ponents. Then, the length of the analysis window in samples
should be at least 4K. Moreover, low frequency components
need larger windows, and an empirical choice for the analysis
window length is 2� fs

min fk
�. Furthermore, when the AM-FM

signal is contaminated by noise, more samples (larger window)
are needed in order to perform more robust estimation. On the
other hand, the approximation in (10) is less valid when larger
windows are used. For that reason, we suggest as general rule
to use window lengths as small as possible.

3.2. Iterative Estimation
Motivated by the results presented previously, we suggest an
iterative algorithm for estimating the instantaneous amplitude
and frequency components of a signal. First, we assume that
the input signal was already analyzed by QHM and an estimate
of the instantaneous phase φ̂k(tl) for each component was ob-
tained, where tl denotes the centers of the analysis windows.
From these phase estimations, we can furthermore estimate the
evolution of phase information ∀t by using interpolator func-
tions like spline. However, to reduce the errors caused by such
an interpolation approach, we perform analysis at every sample.
We then suggest to update the analysis basis functions of QHM
using the estimated instantaneous phase information, φ̂k(t):

y(t) =

 
KX

k=1

(ak + tbk)e
jφ̂k(t)

!
w(t), t ∈ [−t0, t0] (16)

The estimation of the complex amplitudes and complex slopes
is again performed by Least Squares.

4. Validation and Testing
To support our suggestions, let us first consider a two-
component AM-FM signal which contains sinusoidally time-
varying amplitude and frequency components

s(t) = 2(1 + 0.4cos(2π30t))ej(2π700t+cos(2π130t))

+ 2(1 + 0.3cos(2π50t))ej(2π1000t+cos(2π130t))
(17)

which was constructed using a sampling frequency of 8000Hz.
It is worth noting that the modulation of the frequency compo-
nent is considered rather fast (13 cycles in 0.1s period).

The instantaneous amplitude and frequency components of
the input signal are depicted in Fig. 1 as solid lines. Applying
the QHM analysis procedure on the input signal, a first estima-
tion of these instantaneous components is obtained. For this, a
squared Hamming window of duration 16ms was used and a
hop size of one sample was applied. We assumed that there was
a frequency mismatch between the input frequencies (ζk) and
the analysis frequencies (fk), of 32Hz for both components.
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Figure 1: The estimated and the true amplitude and frequency
components of an AM-FM signal with sinusoidal amplitude and
phase modulation.

The estimated instantaneous amplitude and frequency com-
ponents by QHM are also shown in Fig. 1 using bold dashed
lines. Although the estimated amplitude components are com-
parable to the corresponding true information, the errors in the
estimation of the instantaneous frequency components are not
negligible. Nevertheless, we used this information in updating
the bases function where the input signal is projected, as it was
suggested in the iQHM algorithm. At every iteration, the in-
stantaneous phase estimated in the previous iteration is used.
After 15 iterations, the estimation of the instantaneous ampli-
tudes and frequencies of the signal is highly improved as can be
seen in Fig. 1 (bold solid line). More iterations were not found
to further improve the results. Performance details for QHM
and iQHM, using the mean absolute error in the estimation of
the amplitudes and the frequencies of the input signal, are pro-
vided in Table 1.

Table 1: Mean Absolute Error for QHM and iQHM for the two-
component signal in (17).

AM1 AM2 FM1 (Hz) FM2 (Hz)
QHM, 16ms 0.36 0.37 69.99 69.74
iQHM 15, 16ms 0.05 0.11 21.43 20.14

Let us now present results from speech analysis and recon-
struction using the estimations of instantaneous amplitudes and
frequencies provided by iQHM. Since we perform an analysis
at every sample (hop size) of the signal, it would be interest-
ing to compare the suggested approach to a much simpler and
standard approach. For example, in each analysis frame, we
may compute the Fourier transform of the windowed signal, and
then by peak picking in the magnitude spectrum, to compute
the amplitudes, frequencies and phases. The analysis window
is then shifted by one sample and the above computations are
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repeated. This is very similar to the standard analysis stage of
the Sinusoidal Model (SM) [13]. Furthermore, the accuracy of
peak picking approach is further improved by parabolic inter-
polation.We will refer to this approach as SM. Using the instan-
taneous amplitude and phase components, âk(t), and φ̂k(t), re-
spectively, the signal reconstruction is then simply provided as

s(t) =
KX

k=1

âk(t) cos (φ̂k(t)) (18)

In Fig. 2(a), a segment from a voiced speech signal generated by
a male speaker is shown (sampling frequency 16kHz). All anal-
yses were performed with a squared Hamming window of 16
ms. For QHM analysis, we set fk = kf0 with f0 = 140Hz (the
average fundamental frequency of the segment) and K = 40.
For SM analysis, 2048 frequency bins were computed and the
most prominent 40 components were selected after peak pick-
ing and parabolic interpolation. We verified that the frequency
of the selected peaks were closely related to the analysis fre-
quencies, fk of QHM. Regarding iQHM, only one iteration
was used for this example. The estimated instantaneous am-
plitude and phase information for all the methods (SM, QHM,
and iQHM) were then used to reconstruct the speech signal as
in (18). The reconstruction error for each method is depicted
in Fig. 2. As expected, iQHM provides the best reconstruction
compared to the other two alternatives even if only one iteration
is applied. The Signal-to-Error Reconstruction Ratio (SERR),
is 19.5dB for SM, 24.1dB for QHM, and 30.5dB for iQHM.
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Figure 2: (a) Original speech signal and reconstruction error
for (b) QHM, (c) iQHM 3, and (d) SM

We analyzed approximately one minute of voiced speech
per gender (male and female speakers), using the same proce-
dures as for the example shown above. The average score of
each approach in terms of SERR (dB) is provided in Table. 2
along with the number of iterations used in iQHM. We observed
that after 3 iterations the algorithm reached a stability in the re-
construction error power. From Table. 2, we observe that the
reconstruction error has lower power in case of female voices
than for male voices. This is expected as the distance between
the components is larger in this case. Comparing iQHM after
3 iterations with SM, we see that the improvement in SERR is

between 40% and 53%, thus providing an average improvement
of 47%. Compared to QHM, the suggested approach provided
an average improvement of 33% in SERR.

Table 2: Signal-to-Error Ratio (in dB) for the proposed methods
and sinusoidal model.

Male Female
QHM 20.1 25.7
iQHM 1 26.0 31.5
iQHM 2 27.3 32.3
iQHM 3 27.8 32.8
SM 18.2 23.4

5. Conclusions
We presented a new method for the iterative estimation of AM-
FM components of speech signals based on a time-varying sinu-
soidal model, referred to as QHM. The new method is referred
to as iQHM. Signal re-synthesis using the instantaneous com-
ponents leads to high-quality reconstruction of the signal with
a Signal-to Reconstruction Error Ratio over 30dB showing the
accuracy of the suggested estimator. Based on the obtained re-
sults, the proposed method is expected to be useful in many
speech applications including speech analysis, speech synthesis
and modifications and objective voice function assessment.
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