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Abstract

which requires class-conditional first and second-order statistics
to be computed. In the absence of enough labeled data, though,
the second-order statistics can be very noisy, thus resulting in a
noisy estimate of the transform. This, in turn, can exacerbate the
modeling mismatch and degrade performance much more than
one would expect, because the transformation will introduce a
multiplicative noise component.
Semi-supervised learning has been proposed as a framework for tackling this problem; its goal is to improve statistical
models using both labeled and unlabeled data. It has attracted a
significant amount of research lately (see, for instance, [8] and
references therein), mainly due to the fact that unlabeled data
can be easily and cheaply collected. The unlabeled data can
be used in a variety of ways: to compute global statistics that
are independent of label information, to extract regions of high
density that should share the same label, or to better estimate a
manifold where data naturally lie.
This paper describes a semi-supervised version of HLDA.
Our formulation is similar to [9], which shows how to use the
maximum likelihood criterion when both labeled and unlabeled
data are available. The idea is to use the EM algorithm, which
at each iteration estimates a class posterior distribution (“soft”
count) for each unlabeled data sample using the conditional distributions estimated in the previous iteration, then updates the
class-conditional parameters (Gaussian in our case) based on
these “soft” counts. In our formulation, estimation of the HLDA
transformation matrix is part of the optimization of the EM objective function (expected log-likelihood of training data).
There has been previous work on a semi-supervised version of LDA, which is very different from ours. For instance,
[10] try to maximize the Rayleigh quotient of LDA, but with a
regularizer which imposes a constraint on the “closeness” between unlabeled data points, so that unlabeled data which are
very close in the original space remain close in the projected
space as well. The graph Laplacian plays a central role in this
line of work, as well as in other semi-supervised learning research which focuses on manifold regularization [11].
The paper is organized as follows: Section 2 contains mathematical preliminaries and a review of HLDA. In Section 3 we
present the semi-supervised formulation and give the EM update equations. Next, Section 4 contains experimental results
with synthetic data as well as real vowel data which show that
semi-supervised HLDA gives improvements over supervised
HLDA. Finally, concluding remarks appear in Section 5.

Heteroscedastic Linear Discriminant Analysis (HLDA) was introduced in [1] as an extension of Linear Discriminant Analysis
to the case where the class-conditional distributions have unequal covariances. The HLDA transform is computed such that
the likelihood of the training (labeled) data is maximized, under
the constraint that the projected distributions are orthogonal to
a nuisance space that does not offer any discrimination. In this
paper we consider the case of semi-supervised learning, where a
large amount of unlabeled data is also available. We derive update equations for the parameters of the projected distributions,
which are estimated jointly with the HLDA transform, and we
empirically compare it with the case where no unlabeled data
are available. Experimental results with synthetic data and real
data from a vowel recognition task show that, in most cases,
semi-supervised HLDA results in improved performance over
HLDA.
Index Terms: heteroscedastic linear discriminant analysis, nuisance space, semi-supervised learning.

1. Introduction
Heteroscedastic Linear Discriminant Analysis (HLDA) was introduced in [1] as a linear method for dimensionality reduction,
and has been used with success in complex classification tasks
which assume Gaussian parametric families, such as in speech
recognition. HLDA is a suitable technique for several reasons:
(i) it preserves the Gaussianity of the original data (by virtue of
being a linear transformation); (ii) it does not have constraining assumptions about the class-conditional covariances; and
(iii) it can be easily estimated from very large amounts of data
(for example, several millions of samples resulting from just a
few hours of speech); only first and second moment statistics of
the labeled data need to be computed. For these reasons, many
state-of-the-art speech recognition systems use it routinely as
part of a two-pass training procedure [2], with substantial gains
in word-error-rate.
HLDA is a maximum-likelihood estimation technique: its
goal is to jointly estimate Gaussian models in a reduced dimensional space and a transform that will maximize the likelihood of the observed, high-dimensional, data. (Another similar
maximum-likelihood approach appears in [3].) This fits nicely
with standard procedures (such as the EM-algorithm [4]) which
are used to estimate generative models with some hidden structure. It is thus not surprising that HLDA was seamlessly integrated with tools that train maximum likelihood models, such
as HTK [5]. Furthermore, the fact that LDA is a special case of
HLDA [6, 7], justifies the superiority of HLDA on experiments
with synthetic data [7] as well as real speech data [1].
As mentioned above, HLDA is a supervised technique,
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2. Mathematical Preliminaries and Review
of HLDA
In what follows, it is assumed that a labeled training corpus exists, consisting of L observations x1 , . . . , xL , each of dimen-
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L

sionality n. Their associated labels are denoted by c1 , . . . , cL ,
with ci ∈ {1, . . . , C}. Furthermore, an unlabeled corpus is also
available, consisting of U observations xL+1 , . . . , xL+U .
The number of observations of class c is Nc , and hence
N1 + · · · + NC = L. The sample mean of class c is denoted by
µc , while the sample covariance of class c (the “within-class”
covariance) is denoted by Σc . Specifically,
1 X
1 X
xj , Σ c ,
(xj − µc )(xj − µc )T ,
µc ,
Nc j:c =c
Nc j:c =c
j

−
−

j

e c(p)
Σ

e (n−p)
µ

e (n−p)
Σ

Note that only the first p dimensions are useful in discriminating between the classes.

• The objective in the estimation of Θ is the maximization of
the log-likelihood of the original data:

c

(1)

e (n−p) ))
φ(n−p) (Θ(n−p) x; µ
e(n−p) , Σ

−

c

Nc

=
N
1 X
j=1

(5)

(Θ(n−p) xj − µ
e(n−p) )(Θ(n−p) xj − µ
e(n−p) )T
Θ(n−p) Σ(Θ(n−p) )T ,

(6)
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2
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X pNc
(n − p)L
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2
c
X
X Nc
log |Θ(p)Σc(Θ(p) )T |
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Nc log p(c)+Llog |Θ|−
2
c
c
−

L
nL
log |Θ(n−p) Σ(Θ(n−p) )T | −
log(2πe)
2
2

(7)

Expression (7) is the objective function of HLDA. The maximizing Θ cannot be given in closed form, and a gradient descent algorithm is needed for its computation, except for the
special case where the projected per-class Gaussians are constrained to have diagonal covariance matrices; Gales [12] gives
an efficient iterative algorithm for this case.

L=

The log-likelihood of the (labeled) training data is given by
L log |Θ| +

(4)

N
1 X (n−p)
Θ
xj = Θ(n−p) µ
N j=1

=

N

Σc (Θ(p) )T

The goal of semi-supervised HLDA can be simply stated as follows:
e (p)
e c(p) , Σ
Find a transformation matrix Θ and parameters µ
c ,
e (n−p) such that the total likelihood
c = 1, . . . , C and µ
e(n−p) , Σ
of the labeled and unlabeled data is as high as possible.
In mathematical terms, the objective is to maximize

where p(c) is the (known) prior on the classes.
Conditioned on class c, the relationship between the pdfs of
x and y = Θx can be easily established
e c)
e c, Σ
φ(x; µc , Σc ) = |Θ| φ(Θx; µ
(p)
e (p)
= |Θ|(φ(p) (Θ x; µ
e(p)
c , Σc ) ×
h

Θ

3. Semi-supervised HLDA

j:cj =c
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L({(x1 , c1 ), . . . , (xN , cN )}) =


X
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log φ(xj ; µc , Σc ) + Nc log p(c) ,

j

(p)

where µ, Σ are the global mean and covariance of the data, respectively. Substituting these values in the expression for the
log-likelihood of the training data, it becomes
X
L∗ ({(x1 , c1 ), . . . , (xL , cL )}) =
Nc log p(c)

• The class-conditional distributions in the transformed space
are Gaussians with parameters

=

(3)

1 X
(p)
T
(Θ(p) xj − µ
e(p)
xj − µ
e(p)
c )(Θ
c )
Nc j:c =c

=

=

• The data are transformed as y j = Θxj , j = 1, . . . , L,
where Θ is an n × n invertible matrix.

ec
Σ

(2)

j

• Each class-conditional distribution in the original space is
assumed to be Gaussian.

=

L
L
e (n−p) |
log(2π)n − log |Σ
2
2

which is maximized when
1 X (p)
e c(p) =
µ
Θ xj = Θ(p) µc
Nc j:c =c

where aT is the transpose of matrix (or vector) a. The global
mean and variance are denoted by µ and Σ, respectively. The
k-dimensional Gaussian density with mean µ and covariance
matrix Σ is denoted by φ(k) (·; µ, Σ), or just φ(·; µ, Σ) when
the dimensionality is clear from the context.
Projecting a vector x into IRp is done by multiplying it with
a p × n matrix Θ (p < n).
The HLDA formulation of [1] seeks a transformation matrix Θ with the property that the p dimensions of the transformed data are dependent on the class label, while the rest n−p
dimensions are independent of the class label (nuisance dimensions). Thus, the dimensionality reduction which results from
the “removal” of the n − p dimensions aims at keeping only the
class-discriminative information. The maximum-likelihood criterion arises from computing the likelihood of the original data
as a function of the “transformed” models and Θ.
A summary of the maximum-likelihood approach appears
below.

ec
µ

1 X (n−p)
e(n−p) )−1(Θ(n−p)xj − µ
(Θ
xj−e
µ(n−p))T(Σ
ec(n−p) )
2 j=1

L
X
j=1

log(p(xj , cj )) +

U
X

log(p(xL+j )),

(8)

j=1

The second term on the right-hand-side of (8) corresponds
to the marginal distribution of the data, which can be obtained
from the joint distribution by summing over the class labels.
Direct optimization of such a function through computation of
derivatives is very hard; one solution is to resort to the EM algorithm [4] which aims at maximizing the expected log-likelihood

1
e (p)
log p(c) − log |Σ
c |
2

i
1 X
T e (p) −1
(Θ(p) xj − µ
e(p)
(Θ(p) xj − µ
e(p)
c ) (Σ c )
c )
2 j:c =c
j
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EM update equations have the same form as (3)-(6), with the
only difference that the empirical averages in the computation
e c(p) should involve zj (c) (note that µ
e (n−p)
e c(p) , Σ
e (n−p) , Σ
of µ
remain as before). Hence,

of the complete data. The EM theorem guarantees that the loglikelihood of the data increases when this objective function increases (also see [13]). Here, the initial model is obtained by
applying HLDA on only labeled data.
Thus, the objective function of EM is
Q(M, M0 ) = EM0 [log pM (Ψ)|X]

e (p)
µ
= Θ(p)
c

(9)

where M, M0 correspond to the “new” and “old” model parameters, respectively, Ψ is a random quantity that corresponds
to the “complete” training data, and X corresponds to the observed “incomplete” data. Thus,
• Ψ = ((x1 , c1 ), . . . , (xL , cL ), (xL+1 , CL+1 ), . . . , (xL+U ,
CL+U )) for random labels CL+1 , . . . , CL+U ,
• X = ((x1 , c1 ), . . . , (xL , cL ), xL+1 , . . . , xL+U ),

e (p)
Σ
=
c

,

j=1

(12)

N̂c
L+U

(13)

Finally, by plugging-in the updated parameters into the objective function, we obtain a function of Θ, whose maximization
has to involve a gradient-descent method, as before:

1
e (p)
log(p(cj )) + log |Θ| − log(2πe)p |Σ
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2
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e (n−p) )T (Σ
e (n−p) )
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2

where all the parameters correspond to the “new” model M ,
except for γj (c) = p(cj = c|xj ), the posterior distribution of
the j-th sample on the unlabeled data, which is computed with
the “old” model M0 . After re-arranging terms, we come up with
the objective function
X h
1
e (p)
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N̂c log p(c) − log |Σ
c |
2
c
L+U
i
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2
2
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γj (c) log(p(c)) + log |Θ| − log(2πe)p |Σ
+
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2
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Θ
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(p)

Furthermore, since prior p(c) sum to 1, differentiating (10) with
respect to p(c) gives its update equation:

e (p) e(n−p) , Σ
e (n−p) ) where π is the ese (p)
• M = (Θ, π, µ
c , Σc , µ
timated prior distribution on the classes.
After some algebra, it can be shown that (9) is equal to

L 
X

1
N̂c

1 X
zj (c)xj , Θ(p) µ̂c
(11)
N̂c j:cj =c
X
T
e c(p) )(Θ(p) xj − µ
e (p)
zj (c)(Θ(p) xj − µ
c )

(10)

where zj (c) = I(j ≤ L ∧ cj = c) + I(j > L)γj (c) is the
class posterior of the j-th sample given the observation (which,
in the case of labeled examples, contains the true class), and
P
N̂c =
j zj (c) is the total “soft” count for class c. As can
be easily seen, (10) has the same form as the objective function (2) of supervised HLDA, with the only difference that the
“hard” count Nc got replaced by the “soft” count N̂c , computed using the models in the previous EM iteration. Thus, the
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L∗ =
(L + U )log |Θ| +

X
c

i
h
1
N̂c log p(c)− log |Θ(p)Σ̂c(Θ(p) )T |
2

n(L + U )
L+U
−
log |Θ(n−p) Σ(Θ(n−p) )T | −
log(2πe)
2
2

4. Experiments
First we aim to test the semi-supervised version of HLDA under
different degrees of class “overlap” in the original space, which
is reflected by the Bayes error (which we approximate by computing the classification error rate in the original space). Three
conditions are designated as “Hard”, “Medium” and “Easy”, depending on the degree of overlap between the classes. In terms
of classification difficulty, the approximate Bayes error rates are
55.48%, 19.57% and 1.66%, respectively.
Artificial data are generated under their respective conditions. For each condition, 100 data sets of 15-dimensional full
covariance Gaussian data are generated for 5 classes, with each
data set containing 1000 training (labeled) samples per class and
2000 test samples per class.
For each data set, an HLDA transform is trained to project
the original 15-dimensional data into a 4-dimensional space;
Gaussian modeling is then done in this lower-dimensional
space. The average error rate over the 100 data sets is then
reported for each condition.
We have 3 experimental setups for each condition. For each
experiment a different amount of training data (50, 100 or 250
points per class) is used as labeled data, while the rest of the
training data is stripped of its labels to be used as unlabeled data.
The semi-supervised version of HLDA is then used to compute
a transform into 4-dimensional space and the average error rate
(over the 100 data sets of each condition) is then reported for
each different amount of labeled and unlabeled data used.
In Figure 1, we plot the average error rate for the 3 experiments of condition “Easy”. The HLDA average error rate using
only labeled data is shown in the figure as the leftmost point of
each curve. The average error rates can also be plotted in three
dimensional space, with the z-axis showing the average error
rate and the x,y axes showing the number of the labeled and
unlabeled data respectively.
As the figure shows for condition “Easy”, semi-supervised
HLDA provides the largest gain when there is only a small
amount of labeled data: semi-supervised HLDA using 4750
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528
50.87
-

Table 1: Error rates on the Deterding vowel data.
For each experiment, we remove the labels of a certain
amount of training data, then use all or part of it as unlabeled
data for semi-supervised HLDA training of a projection transform into 9 dimensional space. The resulting error rates are
shown in Table 1. One thing to note from this table is that only
when the labeled data have reached a certain amount, the semisupervised HLDA uses the unlabeled data efficiently and provides a gain. We plan to analyze these results in more detail in
a subsequent publication.

5. Concluding Remarks
From the above experiments we observe that, under certain conditions, semi-supervised HLDA gives improvements over supervised HLDA by efficiently utilizing unlabeled data. Future
work will focus on applying semi-supervised HLDA to a large
vocabulary speech recognition task.
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