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Abstract
This paper addresses text-independent speaker identification
(SI) based on line spectral frequencies (LSFs). The LSFs are
transformed to differential LSFs (MLSF) in order to exploit their
boundary and ordering properties. We show that the square root
of MLSF has interesting directional characteristics implying that
their distribution can be modeled by a mixture of von-Mises
Fisher (vMF) distributions. We analytically estimate the mix-
ture model parameters in a fully Bayesian treatment by using
variational inference. In the Bayesian inference, we can po-
tentially determine the model complexity and avoid overfitting
problem associated with conventional approaches based on the
expectation maximization. The experimental results confirm the
effectiveness of the proposed SI system.
Index Terms: text-independent speaker identification, mixture
model, von-Mises Fisher distribution, line spectral frequencies,
Bayesian estimation

1. Introduction
The field of speaker recognition includes two main tasks:
speaker identification (SI) and speaker verification [1, 2, 3, 4].
In this paper, we focus on the SI task which involves classi-
fying a voice sample as belonging to one of a set of reference
speakers [5]. The SI system contains two phases: training and
testing. In the training phase, first, certain features are extracted
to represent specific characteristics of speakers and, next, sepa-
rate models for each speaker are trained to describe the statisti-
cal properties of the selected features. In the testing phase, the
speech from an unknown utterance is compared against each of
the trained speaker models.

As a central task in the training phase, feature extraction
has been intensively investigated in the literature (e.g., [3, 6, 7]).
Among them, the mel-frequency cepstral coefficients (MFCCs)
are the most widely used. The MFCCs are extracted from a
short term spectrum of a windowed speech segment, based on a
linear cosine transform of a log-power spectrum modified non-
linearly on the frequency domain [1, 8, 7]. By considering the
dynamic information contained over the time sequence, the ve-
locity ∆MFCCs and the acceleration ∆∆MFCCs are often in-
cluded in order to make a full dynamic feature representation
[8]. As stated in [9], the MFCC features suppress the spectrum
details in the high frequency area by introducing the mel-scale.
The line spectral frequencies (LSFs) are the other important fea-
tures that can be used to describe the vocal tract information of
a speaker. The LSFs are popular to represent linear prediction
coefficients (LPC) in LPC based coders due to its filter stability
and representational efficiency [10]. Moreover, they have some
interesting ordering properties related to the spectral properties
of the underlying data such that the vocal tract resonance fre-
quencies fall between the two pairs of LSF frequencies [11],

[12]. These properties make LSFs popular for analysis, classi-
fication, and transmission of speech signal [10, 1, 13].

In an early attempt, LSFs were successfully introduced
in speaker recognition task [14]. Campbell [1] introduced a
speaker recognition system based employing LSFs as features
which were shown to be very effective in the divergence shape
measure. More recently, in [15], authors extracted the LSFs
from the perceptually modified speech signal and used them for
training the individual speaker models in the SI system. In [9],
the LSFs were transformed to the differential LSF space and
employed in the deriving feature vectors. The statistical distri-
bution of these feature was modeled by a super-Dirichlet mix-
ture model. As discussed in [9], the LSFs contain full band
information. More specifically, contrary to the band-modified
MFCCs, they do not suppress the spectrum details in the high
frequency area. Thus, with proper modeling, they could lead
to a better perceptual performance. In this work, we utilize
the LSFs in deriving robust features for the purposes of text-
independent speaker identification. First, we transform the
LSFs to differential line spectral frequencies (MLSFs) in or-
der to exploit the boundary and ordering properties of the LSFs
[16]. Next, we consider the square root of differential LSFs as
the features and show that these features have interesting direc-
tional characteristics which requires proper modeling.

In this regard, Gaussian mixture model (GMM) is one of
the most generic modeling paradigms one can adopt because of
straightforward parameter estimation, computations and scor-
ing of these models [2, 17, 18, 19]. However, for modeling LSFs
which have bounded support with ordering property, GMM
may not be the best choice. As the introduced features based
on MLSFs have directional characteristics and are distributed
on the unit hyper-sphere, we can employ directional statistics
in modeling their underlying distribution. Here, we propose
to model their distribution by a mixture of von-Mises Fisher
(vMF) distributions. The vMF distribution is an important dis-
tribution in the analysis of directional data [20, 21]. Unlike
the conventional approaches that use expectation maximization
(EM), in this work, the mixture model parameters are estimated
in a Bayesian treatment by variational inference [22, 23, 24].
We employ the approach proposed in [25] for this task which
provides an analytically tractable solution. There are some ad-
vantages in using the Bayesian framework. First, the singu-
larities arising in the maximum likelihood, when a vMF com-
ponent collapses onto a specific data point, are absent in the
Bayesian treatment. Next, there is no over-fitting even if we
choose a large number of components in the mixture. Further-
more, the variational treatment can potentially determine the
optimal number of components in the mixture without resort-
ing to techniques such as cross-validation. Finally, we avoid the
iterative numerical calculation in the maximization step (e.g.,
with the Newton-Raphson method) which causes high compu-
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tational cost. It is worth emphasizing that it is after all well-
known that maximum-likelihood estimators can perform poorly
when a large number of parameters have to be estimated from a
small data (e.g., this issue has been addressed in [5]).

The main contributions of this work are as follows. In the
training phase of the proposed SI system, a new feature domain
based on LSFs is introduced which has directional characteris-
tics. We propose to model the statistical distribution of such fea-
tures by a mixture of vMF distributions where the model param-
eters are estimated in a fully Bayesian framework. In the test-
ing phase, unlike the conventional approaches which are mostly
based on maximum-likelihood scoring, a scoring criteria based
on predictive density is employed.

2. Feature Extraction
The LSFs are first introduced by [26] and are usually used for
quantizing the linear prediction (LP) filter coefficients [27]. For
a given order D, LPC analysis leads to an inverse filter mini-
mizing the residual energy shown as G(z) = 1 +

∑D
d=1 γdz

−d

where γd is the LPC coefficients [28]. Let P (z) = G(z) +

z−(D+1)G(z−1) and Q(z) = G(z) − z−(D+1)G(z−1) show
the two symmetric and anti-symmetric polynomials. The zeros
of P (z) and Q(z) are interleaved as 0 = ωq0 < ωp1 < ωq1 <
. . . < ωqD

2
< ωpD

2
+1 = π. Then LSF parameters are defined

as [27]

s = [s1, s2, . . . , sD]T = [ωp1 , ωq1 , . . . , ωpD
2

, ωqD
2

]T. (1)

As stated by [27], LSFs represent spectral information using the
two main properties of well-behaved dynamic range and filter
stability preservation.

Since LSFs are bounded and strictly ordered in the interval
(0, π), we can transform LSFs to MLSFs as follows. We firstly
calculate the intervals between two adjacent LSF elements (in-
cluding 0 and π) as [29]

y = [y1, y2, . . . , yD]T

=
1

π
[s1, s2 − s1, . . . , sD−1 − sD−2, π − sD−1]T.

(2)

Then, the square root of yd, d = 1, 2, . . . , D, are calculated as

x = [x1, x2, . . . , xD]T = [
√
y1,
√
y2, . . . ,

√
yD]T. (3)

The feature vector x has directional characteristics satisfying
xTx = 1. Hence, we can model the underlying distribution
of x by a mixture of vMF distributions. The mixture model
parameters are estimated in a variational inference framework.

For the sake of comparison, we also consider MFCCs as
the feature vector. We adopt the procedure introduced in [8]
to exploit the dynamic information of MFCCs over time se-
quences by including the velocity ∆MFCCs and the accelera-
tion ∆∆MFCCs. The underlying distribution of the MFCCs
dynamic feature vector is modeled by a Gaussian mixture
model. The mixture model parameters are estimated in the vari-
ational Bayes inference framework proposed in [22].

3. Von-Mises Fisher Mixture Model
As stated in Section 2, we model the MLSF feature vector x
from (3) by a mixture of von-Mises Fisher distributions. Let
X = {x1, . . . ,xt, . . . ,xT } denote a set of T independent and
identically distributed feature vectors introduced in Section 2.
With K mixture components, the probability density function
of the vMF mixture model is represented as

p(X | µ, λ, τ) =

T∏

t=1

K∑

k=1

τkF(xt | µk, λk), (4)

where τk (τk > 0,
∑K
k=1 τk = 1) is the mixture weight of the

component k, and F(xt | µk, λk) shows the vMF probability
density characterized by the mean direction µk and the concen-
tration parameter λk for the component k, as

F(xt | µk, λk) = cD(λk) eλkµ
T
k xt , (5)

where ‖ µk ‖ = 1 and λk ≥ 0 [21]. The normalizing constant
cD(λk) is given by

cD(λk) =
λk

D
2
−1

(2π)
D
2 ID

2
−1(λk)

, (6)

where Iν(·) represents the modified Bessel function of the first
kind of order ν [30].

Following the Bayesian framework proposed in [25], for
each D-dimensional observation vector xt, there is a corre-
sponding latent variable zt = [zt1, . . . , ztK ]T consisting of 1-
of-K binary vector with elements zkt for k = 1, . . . ,K. Indi-
cating the set of latent variables by Z = {z1, . . . zt, . . . , zT },
the conditional distribution of Z given the mixing coefficients
τ = {τk} is given by a multinomial distribution p(Z | τ ) =∏T
t=1

∏K
k=1 τ

ztk
k . The conditional distribution of X and Z

given the component parameters can be written as

p(X,Z | µ,λ, τ ) = p(X | Z,µ,λ)p(Z | τ )

=

T∏

t=1

K∏

k=1

(τk F(xt | µk, λk))ztk . (7)

Following [25], conjugate priors are introduced over the model
parameters µ, λ, and τ . Hence, a Dirichlet prior distribution
is introduced over the mixing coefficients with the probability
density function

p(τ ) = Dir(τ | α0) = C(α0)

K∏

k=1

τα0−1
k , (8)

where, in a general form, C(α) = Γ(α̂)
Γ(α1...αK)

and α̂ =
∑K
k=1 αk. Similarly, a vMF-Gamma prior distribution is in-

troduced over the mean direction µ and the concentration pa-
rameter λ as

p(µ,λ) =

K∏

k=1

F(µk |m0, β0λk) G(λk | a0, b0), (9)

where G(λk|a0, b0) is a Gamma density function with the shape
parameter a0 and the inverse scale parameter b0.

3.1. Bayesian Estimation with Variational Inference

The corresponding posterior distributions can be derived by
combining the prior and the likelihood. However, the exact pos-
terior distribution is analytically intractable which makes the
Bayesian estimation impractical. As an alternative, variational
approaches in the probabilistic inference provide an approxima-
tion to the true posterior distribution over all random variables
[22, 23, 24]. With variational methods, the goal is to move from
a hardly computable model evidence to its lower bound. In [25],
the Bayesian estimation of the vMF mixture model with varia-
tional inference has been addressed and an analytically tractable
solution has been provided for the optimization of the posterior
distributions.

We consider a variational distribution which factorizes be-
tween the latent variables and component parameters such that

q(Z, τ ,µ,λ) = q(Z)q(τ ,µ,λ). (10)
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The functional form of the factors q(Z) and q(τ ,µ,λ) is de-
termined by optimization of the variational distribution. The
corresponding sequential update equations for these factors can
be derived by making use of the general result of factorized dis-
tributions [22]. As the result of optimization, the variational
posterior distribution of latent variables can be expressed as

q(Z) =

T∏

t=1

K∏

k=1

ξ
ztk
tk , (11)

which is a multinomial distribution with1

ξtk =
ρtk∑K
k=1 ρtk

, (12)

ln ρtk = Eτ [ln τk]− D

2
ln 2π + (

D

2
− 1)Eλ [ln λk]

+Eµ,λ

[
λkµ

T
k xt

]
− ln I( D

2
−1)(λ̄k)

−
(

∂

∂λk
ln I( D

2
−1)(λ̄k)

)
(Eλ [λk]− λ̄k). (13)

The other expectations involved in (13) are evaluated easily as,

Eλ [ln λk] = Ψ(ak)− ln bk Eλ [λk] =
ak
bk

(14)

Eτ [ln τk] = Ψ(αk)−Ψ(α̂), α̂ =

K∑

k=1

αk (15)

Eλ,µ

[
λkµ

T
k xt

]
=
ak
bk

mT
k xt, (16)

where Ψ(y) ≡ d
dy

ln y is known as digamma function. In the
above, λ̄k = ak

bk
is obtained from the previous iteration. The

posterior distribution of the mixture weight q(τ ) is recognized
as a Dirichlet distribution as

q(τ ) = Dir(τ |α), αk = α0 +

T∑

t=1

ξtk. (17)

The posterior distribution of the mean direction q(µk | λk) is
recognized to have a vMF distribution

q(µk | λk) = F(µk |mk, βkλk), (18)

βk = ‖ β0m0 +

T∑

t=1

ξtkxt ‖, (19)

mk =

(
β0m0 +

T∑

t=1

ξtkxt

)
β−1
k . (20)

Finally, the approximate posterior distribution of the concentra-
tion parameter q(λk) is given by

q(λk) = G(λk | ak, bk), (21)

ak = a0 + (
D

2
− 1)

T∑

t=1

ξtk

+

(
∂

∂βkλk
ln I( D

2
−1)(βkλ̄k)

)
βkλ̄k, (22)

bk = b0 +

T∑

t=1

ξtk

(
∂

∂λk
ln I( D

2
−1)(λ̄k)

)

+

(
∂

∂β0λk
ln I( D

2
−1)(β0λ̄k)

)
β0. (23)

1To keep the notation uncluttered, in a general form,
∂
∂x
f(x) |(x=x̄) is denoted simply by ∂

∂x
f(x̄).

3.2. Predictive Density

As we shall see later in the experimental result section, in our
application, we need to know the predictive density of a new ob-
served variable. In [25], a tractable approximation to the predic-
tive density of the Bayesian mixture model of vMF distributions
has been provided. Following [25], let x̂ denote the new value
of the observed variable and ẑ denote the corresponding latent
variable associated with x̂. The predictive density is given by

p(x̂ | X) =
∑

ẑ

∫ ∫ ∫
p(x̂ | ẑ,µ,λ)

p(ẑ | τ )p(τ ,µ,λ | X) dτ dµ dλ,

≈
K∑

k=1

αk
α̂

wk(x̂) l(λ̄k)erk(x̂)λ̄k λ̄
−sk(x̂)
k

Γ

(
ak + sk(x̂) +

D

2
− 1

)
(rk(x̂) + bk)−(ak+sk(x̂)+ D

2
−1) ,

(24)

where ηk(x̂), wk(x̂), l(λk), rk(x̂) and sk(x̂) are given by 2

ηk(x̂) = ‖x̂ + βkmk‖, (25)

wk(x̂) =
1

(2π)
D
2

(
βk

ηk(x̂)

)D
2
−1

, (26)

l(λk) =
I( D

2
−1)(ηk(x̂)λk)

I( D
2
−1)(λk)I( D

2
−1)(βkλk)

. (27)

sk(x̂) = −η2
k(x̂)λ̄2

k

(I′
( D

2
−1)

(ηk(x̂)λ̄k)

I( D
2
−1)(ηk(x̂)λ̄k)

)′

+ β2
kλ̄

2
k

(I′
( D

2
−1)

(βkλ̄k)

I( D
2
−1)(βkλ̄k)

)′
+ λ̄2

k

(I′
( D

2
−1)

(λ̄k)

I( D
2
−1)(λ̄k)

)′
,

(28)

rk(x̂) =
sk(x̂)

λ̄k
− ηk(x̂)

I′
( D

2
−1)

(ηk(x̂)λ̄k)

I( D
2
−1)(λ̄k)

+ βk
I′

( D
2
−1)

(βkλ̄k)

I( D
2
−1)(βkλ̄k)

+
I′

( D
2
−1)

(λ̄k)

I( D
2
−1)(λ̄k)

. (29)

3.3. Summary of the Algorithm

The algorithm starts with the initialization of the hyper-
parameters characterizing the parameter distributions. In the
next step, we use the current distribution over the model pa-
rameters to evaluate the responsibilities which will be used for
optimization of the variational posterior distribution over pa-
rameters. In every iteration, we monitor the variational lower
bound, and the procedure will be continued until convergence.
Finally, the predictive density of a new observed variable can be
calculated analytically from the trained model. A summary of
the proposed algorithm for the Bayesian estimation of the vMF
super-mixture model is provided in Algorithm 1.

4. Experimental Results
To verify the proposed text-independent speaker identification
(SI) system, we evaluate the speaker identification performance
based on the TIMIT [31] speech database. The TIMIT database

2In a general form:
I′
(D

2
−1)

(y)

I
(D

2
−1)

(y)
=

ID
2

(y)

I
(D

2
−1)

(y)
+ D−2

2y
.
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Algorithm 1 Bayesian Estimation of vMF Mixture Model

Input: X = {x1, . . . ,xT } on the unit hypersphere
Initialization

1. Set the initial number of components, K (to be set to a large
value).

2. Set the initial hyperparameters: α0, β0, m0, a0, and b0 (0 <
α0, β0, a0, b0 � 1).

3. Initialize ξk by the K-means algorithm.

4. Calculate the initial guess of λ̄k from λ̄k = a0
b0

.

repeat
Optimization of the Posterior Distribution

1. Evaluate the responsibilities (12) by computing (13).
2. Update hyperparameters αk , βk , mk , ak , bk by (17),
(19), (20), (22), (23), respectively.
3. Update λ̄k by λ̄k = ak

bk
.

until convergence
Predictive Density: Evaluate the predictive density of a new ob-
served variable from the trained model by evaluating (24).

contains 630 male and female speakers and each speaker speaks
ten sentences. During each round of evaluation, we randomly
select S speakers from the database (S = {50, 100}).

In the training phase, seven sentences are randomly selected
from each speaker to make the training speech data. The speech
is segmented into frames with 25 ms frame length and 10 ms
step size. The silent frames are removed. For each frame, a
”hann” window is applied. As the speech data is sampled at
the frequency of 16 kHz, we extract 16 LP coefficients for each
frame. Then the LP coefficients are transformed to the MLSF
feature vectors, as described in Section 2. The underlying dis-
tribution of the MLSF feature vector of one specific speaker is
modeled by the vMF mixture model, as described in Section
3. It is noticeable that the number of components in the mix-
ture model is determined automatically from the model. In the
testing phase, the remaining three sentences are used as the test
data. We randomly select R consecutive frames from the test
feature set for each speaker (R = {100, 150, 200, 300}).

With the above described procedure, we calculate the pred-
icative density of a test feature set from an anonymous speaker
against the trained models for all speakers (as described in Sec-
tion 3.2). The trained model yielding the largest value is con-
sidered to have the same statistical property as the test feature
set. It is mentionable that in the conventional approaches based
on expectation maximization, often the log-likelihood is cal-
culated simply by plugging in the single-point parameter esti-
mates. However, here we have used predictive density since we
have access to the posterior distribution of the mixture model
parameters. In each evaluation round, we randomly select R
consecutive frames from each speaker 30 times for identifica-
tion (for example if S = 50, we have 50× 30 = 1500 test sets
to identify). The identification score of one evaluation round is
calculated as the number of corrected identified test sets divided
by the total number of test sets. We repeat evaluations of such
rounds 10 times and the mean value is reported. Since the du-
ration of test speech has effect on the identification result, we
choose different speech durations as {1, 1.5, 2, 3} seconds, and
evaluate the performance of the proposed system respectively
with the above procedure3 .

We also consider MFCCs dynamic feature vector described
in Section 2. For the sake of comparison, we model the underly-
ing distribution of these feature vectors by GMM and calculate
the predictive density of a test feature set from an anonymous

3For a test speech with R frames, the duration is about 0.01R sec-
onds, since the segment step size is 0.01 s.

Table 1: Comparison of speaker identification rate (in %) for
different speech durations and different number of speakers S.

S = 50
Approach 1 s 1.5 s 2 s 3 s
vMFMM & MLSFs 87.57 90.91 92.43 93.57
GMM & MFCCs 89.23 91.48 92.53 93.22

S = 100
Approach 1 s 1.5 s 2 s 3 s
vMFMM & MLSFs 74.90 76.97 78.23 78.43
GMM & MFCCs 75.22 77.19 77.22 77.36

speaker against the trained models for all speakers (the predic-
tive density for the new value x̂ of the observed variable is given
by a mixture of Student’s t-distribution [22]). Since the model
parameters are estimated in a Bayesian framework, the number
of required components are determined automatically from the
model.

The comparison results are shown in Table 1. It can be ob-
served that the SI system based on MLSFs and vMF mixture
model (vMFMM&MLSFs) provides fairly competitive results
compared to the one based on dynamic MFCCs and Gaussian
mixture model (GMM&MFCCs) for different speech durations.
In particular, for higher speech duration, vMFMM&MLSFs
has slightly better identification rate. It is noticeable that in
vMFMM&MLSFs model, each component requires 2×D (D =
16) parameters to be estimated while in GMM&MFCCs, each
component requires 6×D (D = 16) parameters as we are con-
sidering dynamic MFCCs as the feature vector. On the other
hand, we observed in the experiments that the Bayesian vMF
mixture model keeps significantly less active mixture compo-
nents than the one in Bayesian GMM—roughly speaking 30%
less components. This implies less model complexity and
less computational complexity—as one needs to initialize the
vMFMM&MLSFs with fewer number of components compared
to GMM&MFCCs.

5. Conclusion
We proposed a text-independent speaker identification (SI) sys-
tem based on differential line spectral frequencies (MLSFs) of
the speaker’s vocal tract. Having MLSFs guaranteed to have a
unit norm, we modeled the underlying distribution of the fea-
ture vectors by von-Mises Fisher (vMF) mixture model. We
showed that the square root of MLSFs have directional char-
acteristics which can be efficiently modeled by the vMF mix-
ture model. Furthermore, we compared the identification rate
of the proposed system with a benchmark system based on the
mel-frequency cepstral coefficients (MFCCs). We modeled the
MFCCs dynamic feature vector with a mixture of Gaussian dis-
tributions. In both cases, mixture model parameters were es-
timated in a Bayesian framework by using variational infer-
ence. Experimental results showed that the proposed SI model
can provide competitive results compared to the benchmark ap-
proach. This study suggests that with proper modeling of the
features based on LSFs, we can potentially develop SI systems
with better perceptual performance. For the future work, the ef-
fect of noise and reverberation on the identification rate will be
considered.
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