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Abstract
Sparse Recovery (SR) algorithms have been used widely for
direction-of-arrival (DOA) estimation in spatially contiguous
plane wave for their robust performance. But these algorithms
have proven to be computationally costly. With a few sensors
and at low SNRs, the noise dominates the data singular vec-
tors and the sparse estimation of contiguous sources is incor-
rect. The magnitude spectrum-based re-weighted sparse recov-
ery (RWSR) algorithms improve the robustness by re-weighting
the sparse estimates. However, their efficiency degrades with
decreasing the number of sensors at low SNRs. Therefore,
this paper exhibits the significance of the phase spectrum, in
the form of group-delay, for sparse and robust source estima-
tion using RWSR algorithms for spatially contiguous sources.
Further, an optimal re-weighted methodology based on simulta-
neously minimizing average-root-mean-square-error and maxi-
mizing the probability of separation is also proposed. The sim-
ulation results are carried out for Gaussian noise to demonstrate
the excellent performance of the proposed algorithms.
Index Terms: Source Separation, DOA Estimation, Group-
delay, low SNR, Phase Spectrum, RWSR

1. Introduction
Direction-of-arrival (DOA) and source localization estimation
of incoming signals has been an active area of research in
SONAR & RADAR for decades [1] [2]. Several beamform-
ing techniques such as delay-sum-beamformer (DSB) [3], adap-
tive beamforming methods like Capon beamformer [4] and sub-
space methods such as MUSIC, DeepMUSIC [5], min-norm,
and ESPRIT [1] have been used extensively.

Recently, a robust and high-resolution DOA estimation
based on the Sparse Recovery (SR) algorithms (following the
convex optimization (CS) framework) [6, 7, 8] have gained
popularity. It offers to exhibit high resolution source separa-
bility even at a low SNRs with a fewer snapshots even in the
presence of noise. Many SR algorithms have been developed
such as traditional `1 minimization [7, 9], `1-SVD and variants
[8, 10, 11, 12], Sparse Recovery Weighted Subspace Fitting
(SRWSF) [6], which search over a discrete grid. The compu-
tation complexity of these algorithms increases cubically with
the number of search grid points [13]. The computation time
also increases super-linearly with the increase in the number of
snapshots for `1 minimization, whereas it remains fixed for `1-
SVD SR algorithms [8, 14]. Some studies perform the search
over a continuous grid such as Atomic or TV-norm based `1
minimization [15]. For contiguous sources at low SNRs, the
SR-algorithms tend to face challenges in source separability, as
noise dominates the top singular vectors of the data [8, 6]. How-

ever, the sparse DOA estimates of the signal vector are not ro-
bust due to increase in the steering matrix’s condition number.
To resolve this issue, the re-weighting of the sparse estimates
is proposed [16, 17]. The re-weighted SR algorithms (RWSR)
promotes sparsity and noise robustness by weighing the esti-
mated sparse signal vector elements differently [16, 17, 18, 19].
For `1-SVD, the weights are calculated based on the orthog-
onality between the signal and noise vectors [17]. However,
with a fewer sensors and at low SNR values (limiting the mea-
surements), the performance of RWSR algorithms is degraded
significantly [2, 7]. For narrowband sources, the high resolu-
tion and robustness property of group delay spectrum has been
widely used in the context of formant estimation [20], in source
separation [21, 22, 23, 24] and epoch extraction [25]. Compu-
tation of group-delay results in sharp peaks at the true DOAs
with less sensitivity to the number of sensors. However, the
group-delay estimator is sensitive to noise, reverberations and
the array perturbations [26] which can be mitigated by multi-
plying group-delay with the MUSIC magnitude spectrum to re-
move the same. The eigenvalues are then estimated by shrink-
age estimation techniques, as described in [27]. Although the
MUSIC-Group Delay estimator improves the resolution (source
separability) performance, it is sensitive to noise. The noise
robustness property of the Group Delay function has not been
significant in the context of DOA estimation at very low SNRs
[27, 26, 28, 29].

Combining the group-delay function’s high-resolution
source separability property with the SR algorithms leads to
an improved performance of DOA estimation of spatially con-
tiguous signals with a fewer sensors at low SNRs, which suits
real-time applications. Additionally the computational burden
is reduced with few sensors, fixed data singular vectors, and
grid-refinement techniques. Further, an optimal re-weighted
methodology based on simultaneously minimizing average-
root-mean-square-error and maximizing the probability of sep-
aration is also proposed. The rest of paper is organized as fol-
lows: The array data model and the `1 minimization technique
in the form of `1-SVD is presented in Section 2. Proposed re-
weighted methodologies are discussed in Section 3. The simu-
lation results are carried out in Section 4 which is followed by
a brief conclusion in Section 5.

2. Problem Statement
Consider a uniform linear array (ULA) of N sensor elements :

Y = AS + N ∈ CN×L (1)

where S is a vector of amplitudes of incoming signals, A being
the array steering vector and N the noise model vector, which is
an independent and identical (i.i.d) circularly symmetric com-
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plex Gaussian noise vector with zero mean and diagonal covari-
ance matrix, i.e, n(t) ∼ CN (0, σ2I) [30]. Here, number of
snapshots L are observed for the estimation process. The array
manifold matrix is written as A = [a(θ1),a(θ2), . . . ,a(θJ)] ∈
CN×J where J is the narrow band source signal. The signal am-
plitude and array noise matrix are represented by S ∈ CJ×L

and N ∈ CN×L respectively. The measurement model can
be recasted as sparse vector estimation process by defining an
over-complete basis AΩ ∈ CN×K of steering vectors formed
by taking discrete set of spatial angles. With the knowledge of
over-complete basis AΩ (J � K), Eq. 1 can be re-written as:

Y = AΩŜ + N, (2)

where Ŝ ∈ CK×L.

2.1. `1-SVD

The `1-SVD method is computationally efficient in terms of
snapshots [8]. The grid refinement technique is one of the meth-
ods to reduce the search grid dimension. The number of mea-
surements should be of order, N ∼ O(J log (K/J)) [31, 32,
13]. For `1-SVD method, considering the SVD of the data ma-
trix given in Eq. (2)

Y = UΛVH . (3)

We define

Ỹ = UΛEJ = YVEJ ∈ C(N×J), (4)

where EJ = [IJ 0]T ∈ C(L×J), IJ is the (J × J) identity
matrix, and 0 being J × (L− J) zero-matrix. The Eq. (4) can
be re-written as

Ỹ = AΩS̃ + Ñ, (5)
where S̃ = ŜVEJ and Ñ = NVEJ . Most of the signal
power is retained by the data matrix Ỹ. The row-support of S̃

is identical to that of Ŝ. The columns of Ỹ can be expressed as

ỹ(j) = AΩs̃(j) + ñ(j), j = 1, . . . , J. (6)

Let us define s(`2)
k =

√∑J
j=1 |s̃k(j)|2, k = 1, . . . ,K, where

s̃k(j) denotes the kth element of s̃(j). Collectively, a row vec-
tor is formed by s(`2)

k which is given below:

s̄(`2) = [s
(`2)
1 , . . . , s

(`2)
K ]T ∈ RK . (7)

It is observed that the support of s̄(`2) is similar to the row-
support of S̃ and hence, it is worth considering s̄ a good ap-
proximation to the spatial magnitude spectrum. Thus, the s̄(`2)

can be recovered by solving the optimization problem [8]

min ||s̄(`2)||1 subject to ||Ỹ −AΩS̃||2F ≤ η2, (8)

where || · ||F denotes the Frobenius norm and η is a regular-
ization parameter that specifies how much noise is to be al-
lowed. The value of η depends upon the noise and should be
large enough such that probability ||Ñ||2F ≥ η2 is small.

2.1.1. Gaussian Noise in `1-SVD minimization

If the noise elements {n(1), . . . ,n(L)} are i.i.d. complex cir-
cular Gaussian random variables with variance σ2. It is shown
in [8, 33] that ||(

√
2/σ)Ñ||2F has approximately a χ2 distribu-

tion with a degrees of freedom 2NJ for moderate to high values
of SNR. With the knowledge of the distribution, the confidence
interval for ||Ñ||2F can be found. It is worth noting that its up-
permost value can be considered as a choice for η2.

2.2. Impact of `1-SVD with Number of Sensors and Closely
Spaced Sources

Two major reasons for `1-SVD degradation are (a) the increase
in the condition number of the steering matrix, which increases
when the sources are contiguous, (b) the domination of noise on
top data singular vectors at low SNRs [8]. To enhance the per-
formance, the re-weighted methodology based on the orthogo-
nality of signal and noise subspace have also been used in [17].
Although, such re-weighted methodologies enhance both spar-
sity and robustness of the SR processors. When the sources are
contiguous, the RW-SR algorithms fail to resolve the sources
correctly. The weight vector (computed using the magnitude
spectrum) fails to consider two weights at low-SNR and with a
few sensors. Hence, we propose a re-weighting methodology
which not only enhances the sparsity and robustness but also
the resolution performance of the SR algorithms with a fewer
number of sensors and low values of SNR.

3. Proposed Re-weighted Methods for
Source Separability in DOA estimation

We utilize high-resolution source separability property of
Group-Delay Function (GDF) to enhance the SR-Algorithms
robustness at low SNRs for contiguous sources. This mitigates
noise sensitivity and inaccurate estimates with a fewer sensors
at low SNRs by combining group-delay and SR techniques. The
GDF is used to re-weight the inaccurate sparse estimate to ob-
tain new results with very low estimation errors.

Considering Eq. (3), the SVD of the array data matrix can
be re-written as:

{y(t)}Lt=1 = UΛVH = [US UN ]ΛVH , (9)

where y(t) is the received signal; U and V are the left and right
singular matrices. The columns of US are the source singular
vectors corresponding to the J largest singular values of Y. On
the other hand, the noise singular vectors are the columns of
UN corresponding to the N − J smallest singular values of
Y. Now, the full overcomplete basis matrix AΩ can be decom-
posed as AΩ = [A B] where A ∈ CN×J correspond to the
true source directions and B ∈ CN×K−J to other directions.
Let us define :

Z = AH
Ω UN = [AHUN BHUN ] = [QA QB ], (10)

where QA ∈ CJ×(N−J) and QB ∈ C(K−J)×(N−J) are
some non-zero matrices. For the true data matrix, QA will be a
zero matrix, but for the limited time sampled data matrix, QA

will have values close to zero. Taking the phase response of the
matrix, we get:

∠{AH
Ω UN} = [∠{AHUN} ∠{BHUN}]

= [∠QA ∠QB ] = [ΦA ΦB ], (11)

where ∠(·) calculates the wrapped phase spectrum of each
column. It is worth noticing that the complex values of QA

are small due the orthogonality property of signal and noise
subspace. Thus, evaluating the phase response, i.e., ΦA ∈
CJ×(N−J) will result in sharp phase shifts as compared to
ΦB ∈ C(K−J)×(N−J).The phase spectrum changes differ-
ently near the true DOA locations. To capture the changes at
the DOA, we calculate the group-delay by differentiating Eq.
(11) with respect to θ. Numerically, we take the gradient of
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each column of the Eq. (11) given as:

∇∠{AH
Ω UN} = [∇∠{AHUN} ∇∠{BHUN}]

= [∇ΦA ∇ΦB ] = [τA τB ], (12)

where ∇(·) is equivalent to calculating the gradient of the un-
wrapped phase spectrum. Here, τA ∈ CJ×(N−J) and τB ∈
C(K−J)×(N−J). As we are moving from non-DOA locations
to DOA locations from any direction, there will be a shift in the
values of the phase spectrum as explained in Eq. 11. While
calculating the gradient, the sharp peaks at the DOA positions
will be registered. Further, such peaks are less dependent on the
number of sensors. Thus, we obtain the group-delay weight as
given below:

(wgd)−1 = [[τ
(`2)
A ]T [τ

(`2)
B ]T ]T . (13)

where τ
(`2)
A is [J × 1] and τ

(`2)
B is [(K − J) × 1]. It may

be noted that τ (`2)
A , τ

(`2)
B are obtained by taking an incoherent

sum over all the squares of columns of τA and τB matrices
respectively, as computed by summing over the square of group
delay values for all singular vectors.

Consider Eq.(10), those rows of Z which correspond to
the source signal matrix S are small as compared to the en-
tries in the other rows of Z. Let z(j) = [z1(j), . . . , zK(j)]T

be the jth column of matrix Z, for j = 1, . . . , N − J .
Let us define wk by taking `2 norm of each row of Z, i.e,

wk =
√∑N−J

j=1 |zk(j)|2, k = 1, . . . ,K, and combining
w1, . . . , wk, we obtain wm = [w1, . . . , wK ]. The wm cor-
responds to the weights from the MUSIC magnitude spectrum.

To enhance the stability of the DOA estimates in case of
heavy noise and array perturbations, we multiply the weights
of group delay function with weight vector computed for the
MUSIC magnitude spectrum. This results in MUSIC Group
Delay (MGD) weights (wmgd), which are as follows:

wmgd = wgd ·wm. (14)

Diagonalizing the weight vector of MGD (wmgd), we obtain
the weight matrix as shown below:

W = diag (wmgd) (15)

Once the weights are obtained and after diagonalization as given
in Eq. (15), the `1-SVD minimization in Eq. (8) is modified as:

min||Ws̄(`2)||1subject to||Ỹ −AS̃||2F ≤ η2, (16)

Thus, the position/location of largest peaks of Ws̄(`2) provides
an estimate of the source locations.

3.1. Re-weighting using linearly combined weights

For contiguous sources, the side-lobes for MGD-`1-SVD are
not smooth near DOAs. The amplitude of such minor peaks
could be dependent upon the noise levels and for the particular
choice of regularization parameter η (for MGD-`1-SVD). Fur-
ther, these minor peaks reduce the source separability. Thus,
it becomes important not only to correctly resolve the closely
spaced sources, but also to minimize the minor-peaks in the side
lobe levels.

To achieve this, we combine the weights from different
weighing regimes to obtain an optimal weights for the `1 mini-
mization (Eq.(16)). Hence, the main objective of this proposed

method (wopt-`1-SVD) is to obtain a highly resolved, robust,
and smooth side-lobed DOA estimates. In this work, the op-
timal weights (wopt) are obtained by taking a linear combina-
tion of MUSIC weights (smooth side-lobes), wm and the MGD
weights, wmgd:

wopt = αwmgd + βwm (17)

where α, β ∈ [0, 1] and α + β = 1. The value of α and β
are selected such that the ARMSE [8] is minimized and resolu-
tion probability [6] is maximized simultaneously. The optimal
value of α and β is found to be approximately 0.75 and 0.25, re-
spectively, at −10 dB SNR. Similarly, for other values of SNR,
the optimal value of α and β can be found.

4. Performance Evaluation
The performance of the proposed algorithms is analyzed on
simulated data and compared with algorithms for various met-
rics. The measurements are taken from a Uniform Linear Array
(ULA) with the inter-element spacing of half-wavelength. The
simulation results are generated for contiguous sources at low
SNR values. For multiple-snapshot processing, the number of
snapshots taken is L = 200 [33]. The two sources are placed in
between the broadside and the end-fire direction, i.e., 45o, 52o,
in order to gauge the efficiency of the proposed methodologies.
These values are taken to check source separability of the algo-
rithms at low SNR ranges [33] and with a fewer sensors. All
the results are obtained over 102−103 Monte-Carlo simulation
and N = 6 for all algorithms unless stated explicitly.

4.1. ARMSE vs. SNR

In the first phase of the investigation, we evaluate the perfor-
mance of the proposed algorithms through the ARMSE plots at
different SNR values. Fig. 1 shows the ARMSE plot for various
algorithms with 6 sensors at different SNR ranges in Gaussian
Noise. The performance of MUSIC-`1-SVD and `1-SVD de-
grades significantly with few sensors. This might be because
such algorithms cannot resolve both the sources correctly due to
a lack of adequate measurements. This results in large ARMSE
values for these methods. With less number of sensors and low
SNR values, the MGD-`1-SVD and wopt-`1-SVD outperforms
other algorithms in terms of ARMSE values for the noise.

4.2. Resolution Probability

The resolving capability of different algorithms in terms of
probability of separability is shown in Fig. 2. It can be seen

Figure 1: ARMSE versus SNR plots for two spatially contiguous
and uncorrelated sources. L = 200
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Figure 2: Resolution probability versus SNR plot for spatially
contiguous sources for different algorithms.

from Fig. 2 that wopt-`1-SVD and MGD-`1-SVD has a better-
resolving probability of closely spaced sources. At high SNR
values (> 10 dB), all different algorithms achieve almost simi-
lar estimation accuracy. The DOA estimation of closely placed
sources at low SNRs results in large estimation errors. Even if
the sources are resolved correctly, a small bias value is always
present due to the sparsity prior (`1) in the objective function.
A small bias would be considered as a good compromise.

4.3. Power Spectrum Analysis

In this section the power spectrum analysis with respect to the
spatial angle (θ) is being done. Fig. 3 show the power spec-
trum for different algorithms with a closely spaced sources in
Gaussian noise. With a fewer sensors, the MUSIC algorithm,`1-
SVD, MUSIC-`1-SVD (SR algorithm re-weighted with MU-
SIC magnitude weights) [33, 17] and Sparse Recovery using
Weighted Subspace Fitting (SRWSF) [6] fails to correctly re-
solve the sources in noise. It’s evident that the enhanced res-
olution property of MGD-`1-SVD and wopt-`1-SVD results in
better separation of sources than any other methods. The pro-
posed methodologies are able to resolve both the closely and
widely spaced sources significantly. It could also be noted that
some bias error is present, which could be due to the use of the
group-delay function. The minor peaks in side-lobes of MGD-
`1-SVD appear to be reduced in the wopt-`1-SVD spectrum.

4.4. ARMSE vs. Number of Snapshots

The ARMSE versus number of snapshots performance is evalu-
ated in Fig. 4 for incident signals at (θ) = 3.4°. The signal and
noise singular vectors subsequently asymptotically approaches
the true signal and noise singular vectors, respectively. Further,
the calculation of the weight vector/matrix in such methods is
also based on the SVD of the array data matrix. Hence, the
number of snapshots used for the estimated process plays a vi-
tal role in robust and unbiased estimation. It’s evident from the
figure that MUSIC and MGD have large ARMSE values for
the set configuration. On the other hand, the SR based meth-
ods have low values of ARMSE for various range of snapshots.
For closely placed sources in Gaussian noises, it is worth notic-
ing that MGD-`1-SVD and wopt-`1-SVD has lower ARMSE
values for a fewer numbers of snapshots. Thus, the MGD-`1-

Figure 3: Power spectrum for different algorithms with two
sources separated by 7o at -6 dB SNR with 6 sensors.

SVD and wopt-`1-SVD algorithms become a suitable choice
for source localization & separation.

Figure 4: ARMSE vs No. of snapshots for contiguous sources

5. Conclusion
The proposed methodology has proven to bring more sparsity,
robustness and enhance the resolution of source separability by
SR algorithms under unfavorable conditions. With the use of
adaptive grids, a few sensors, and a few sources (J < L),
the computational complexity of the SR algorithm to resolve
the sources is also reduced. The optimal weighting technique
has enhanced the performance in terms of minimum ARMSE
error and probability of separability particularly at low SNRs.
The proposed re-weighted scheme has shown high performance
with respect to the number of snapshots, resolution probability
and even with contiguous sources.The proposed method would
be instigated on different noises in the near future.
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