INTERSPEECH 2021
30 August – 3 September, 2021, Brno, Czechia

Parametric Distributions to Model Numerical Emotion Labels
Deboshree Bose, Vidhyasaharan Sethu, Eliathamby Ambikairajah
School of Electrical Engineering and Telecommunications
University of New South Wales, Sydney
NSW 2052, Australia
deboshree.bose@unsw.edu.au,v.sethu@unsw.edu.au,ambi@ee.unsw.edu.au

Abstract

estimate for true emotion [9]. When combining multiple labels
this way, the individual variations in emotion ratings are considered noise and penalized. However, concepts of annotation
noise, averaged annotations or dominant emotions are at best
reductionist assumptions that may be very unrealistic in many
practical instances. Emotion representations need to be capable
of reflecting the diversity of human annotation, due to the inherently subjective nature of affective experiences, both while
expressing and perceiving emotions [10].
There are some examples of emotion representations in affective computing that incorporates this diversity as ambiguity
in perceived emotions. Likewise the focus of this paper, these
typically involve modelling the set of ratings with a suitable distribution in the space of numerical arousal-valence ratings. Most
commonly, Gaussian distributions are employed for their computational convenience [11, 12, 13], but other alternatives include
Gaussian mixture models [14, 15], Gaussian processes [16, 17],
and other non-parametric models [18]. However, despite the
computational convenience, assuming that numerical emotion
ratings are distributed normally may not be accurate since the
numerical scales themselves are bounded (for e.g., valence ranging from −1 to 1) [13] and a symmetrical distribution might not
be the best fit for the ratings. In this paper, we define and employ
quantitative measures to ascertain the appropriateness of assumption of Gaussianity that is often made. Furthermore, we compare
a range of parametric distributions defined on a bounded domain
to the Gaussian distribution and with each other.

It is common to represent emotional states as values on a set
of numerical scales corresponding to attributes such as arousal
and valence. Often these labels are obtained from multiple annotators who record their perception of emotion in terms of these
attributes. Combining these multiple annotations by taking the
mean, as is typical in affective computing systems ignores the
inherent ambiguity in the labels. Recently it has been recognised
that this ambiguity carries useful information and systems that
employ distributions over the numerical scales to represent emotional states have been proposed. In this paper we show that
the common and widespread assumption that this distribution
is Gaussian may not be suitable since the underlying numerical
scales are bounded. We then compare a range of well-known
distributions defined on bounded domains to ascertain which of
them would be the most suitable alternative. Statistical measures
are proposed to enable quantifiable comparisons and the results
are reported. All comparisons reported in the paper were carried
out on the RECOLA dataset.
Index Terms: emotion ambiguity, continuous emotion prediction, inter-rater variability, probabilistic modeling

1. Introduction
Emotions are complex and their expression is often subtle
[1]. Consequently, their perception can be ambiguous at times
[2, 3, 4]. An obvious manifestation of this ambiguity is that
emotions are perceived somewhat differently by the individual
observers depending on their individual history, mood, personality, culture, their involvement, context, the environment and
physiological factors [5]. Emotion databases typically consist
of multimodal (speech, video, EEG, etc.) recordings of emotionally coloured expressions or interactions along with one or
more set of emotion labels associated with the recording as perceived by the raters. Most widely used datasets include labels
obtained from multiple annotators and the ambiguity inherent
in the perception of emotions is evident in the varying levels of
disagreement between these ratings. Emotion labels may be categorical (e.g., ‘Angry’, ‘Happy’, etc.), values on numerical scales
(e.g., arousal/activation - calm vs. excited, valence - negative vs.
positive) [6, 7].
Most affective computing systems employ some method to
combine the multiple labels into a single label, for e.g., by taking
the majority label when dealing with categorical labels or taking
the mean rating when dealing with numerical arousal/valence
ratings [8, 6]. The reasoning behind this is that a ‘mean’ rating
is a better representation of the perceived emotion as the perceived emotion is evenly felt across all raters. Most nuanced
approaches include estimating inter-rater agreement to discard
annotations that deviate most from the mean of other annotations before taking the weighted average annotation as the best
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2. Modeling Ambiguity with Gaussians
As previously mentioned, the arousal and valence scales along
which emotions are rated numerically are all bounded, while
the support of a Gaussian distribution is over all real numbers.
Consequently, representing the distribution of a set of emotion
ratings as a Gaussian implicitly implies that there is a non-zero
probability that emotion rating can be outside the allowable
range. In practise, this might be an acceptable approximation
as long as the variance of the distribution is small, but it is also
worth noting that the Gaussianity assumption is less likely to
be suitable when the numerical labels are close to the edge of
the interval of allowable values. This is illustrated in Figure 1
which shows an example each for arousal (blue) and valence
(red) where the Gaussian fit to the six ratings also implies there is
a non-trivial probability of the rating falling outside the interval
[0, 1], which does not reflect reality (ratings are bounded to be
within [0, 1]).
To quantify the extent of this potential issue, we analyse
the RECOLA dataset which includes a set of continuous timevarying arousal and valence ratings obtained from six independent raters, sampled every 40ms, as emotion labels [4]. In
the RECOLA dataset both arousal and valence ratings are con-
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where, yk denotes the kth arousal/valence rating, k = 1, ..., 6,
and θ denotes the mean (µ) and standard deviation (σ) of the
Gaussian.
Next, we compute the probability implied by this Gaussian
distribution that the rating falls outside [0, 1], Py∈[0,1]
, as:
/
Z

0.08

0.09

ble 1), having reasonable shapes and degrees of freedom that
would allow for the ambiguity in the perceived emotion ratings
to be captured. These distributions are compared to each other
and to the Gaussian based on how well they fit the ratings from
each annotator which is quantified in terms of log-likelihoods.
These comparisons are carried out using the best fitting distribution parameters, obtained as maximum likelihood estimates
(MLE), as well expected value over the entire parameter posteriors. Note that most of the distributions listed in Table 1 have two
parameters except the Trapezoidal distribution which has four
parameters and the Logit Metalog family of distributions which
admits a variable number of parameters with a greater degree of
freedom in its shape with increase in number of parameters. We
evaluate the Logit Metalog with 2 and 3 parameters.

strained to the interval x ∈ [−1, 1]. For convenience (distributions with bounded support, refer section 3, are usually described
by assuming the interval of support is [0, 1]), and without any
loss of generality, we apply a linear transform (y = 0.5x + 0.5)
to map the ratings to the interval y ∈ [0, 1]. Following this,
for every frame (40ms) we estimate the maximum likelihood
Gaussian fit to the six arousal (and valence) ratings,
Y

0.07

Figure 2: Histograms constructed from all instances or frames of
emotion ratings when at least by 1 percent of the total area under
the Gaussian Maximum Likelihood distributions lie outside the
domain [0, 1].

Figure 1: Examples frame from RECOLA showing six arousal
and valence ratings as well as maximum likelihood Gaussian
distribution fit to the ratings. In both cases, the best fitting
distributions do not agree with the fact that the ratings are also
bounded.
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3.1. Comparing Maximum Likelihood Estimates
Intuitively the most straightforward approach towards comparing
these distributions is to determine the MLE of the distribution
parameters at each point and compute the overall log-likelihood
across the entire dataset. We estimate the maximum log-likehood
for each distribution, LM L , as:

1

(y−µ̂)2
1
√ e− 2σ̂2 dy
Py∈[0,1]
=1−
(2)
/
0 σ̂ 2π
where, µ̂ and σ̂ are the maximum likelihood mean and standard
deviation estimates for the Gaussian, that is, θM L = [µ̂, σ̂].
An analysis on the RECOLA dataset revealed that for almost
10% of data, the maximum likelihood (ML) Gaussian fit to
arousal ratings indicates a greater than 1% chance that arousal
ratings will fall outside the allowed interval ([0, 1]). Similarly,
the ML Gaussian fits to valence ratings for more than 1.5% of the
data indicates a greater than 1% chance that valence rating will
fall outside [0, 1]. Figure 2 shows a histogram of the Py∈[0,1]
/
for all the instances where Py∈[0,1]
> 0.01. Finally, it is worth
/
noting that this measure does not indicate goodness of fit within
[0, 1], which is explored in section 3.

LM L =

1 XX
ln p(yn,k |ψn,M L )
N n

(3)

k

where, yn,k denotes the kth annotator’s rating at time frame n;
N is the total number of time points in the database; and ψn,M L
is MLE estimate of the distribution parameters at n:
ψn,M L = arg max
ψ

Y
k

p(yn,k |ψ)

(4)

The average maximum log-likelihoods estimated for all the
distributions of the RECOLA dataset for arousal, LA , and valence, LV , are listed in the first two columns in Table 1.
Additionally, we make sure that the overall log-likelihood
score over the entire database is not being skewed by a few
extreme data points; we also plot the histogram of the framewise log-likelihood ratios between two distributions to compare
them. We expected the histogram to reveal a preponderance of

3. Comparing Distributions
The analyses in section 2 suggests that a distribution with
bounded support may be more appropriate than a Gaussian to
model a distribution over numerical emotion ratings on bounded
scales. In this section, we examine an extensive list of commonly
used parametric distributions with bounded support (refer Ta-

4499

Table 1: Aggregate measures over all frames

positive values when the first distributions fits better than the
second for a preponderance of data points.
3.2. Expected Log-Likelihood
A challenge with comparing distributions based on the MLE of
the distribution parameters, as outlined in section 3.1, is that it
may be skewed by overfitting. This is of particular significance
in this problem since the number of annotators, and consequently
ratings, is usually very small (the RECOLA dataset only has 6
ratings) and the risk of overfitting cannot be overlooked. That is,
there may be certain parameters ψ where the log-likelihood of
the ratings given those parameters may be uncharacteristically
high whereas other similar parameter values would be associated
with a low log-likelihood. Furthermore, the chance of overfitting increases with distributions with more parameters, such as
the Trapezoidal distribution. To overcome this limitation, we
estimate the expected log-likelihood (ELL) as follows:
Z
Ep(ψ|yn ) [ln(p(yn |ψ))] =
p(ψ|yn ) ln(p(yn |ψ)) dψ (5)
where, Ep(ψ|yn ) [·] denotes the expected value with respect to the
posterior probability over the distribution parameters, p(ψ|yn ).
Further, we can see that by applying Bayes’ theorem and
rearranging the terms in (5), we get
Z

LA

LV

EA

EV

Gaussian
Beta
Truncated Gaussian
Logit Normal
Kumaraswamy
Raised Cosine
Trapezoidal
Logit Metalog 2 param.
Logit Metalog 3 param.

6.0329
6.1208
6.0548
6.0774
6.1160
6.0658
7.6986
5.9902
5.9931

8.1728
8.2510
8.1778
8.2345
7.9443
8.1464
10.1690
8.1277
8.1180

5.0340
5.1190
5.0336
4.6924
5.1044
4.2919
4.7127
4.7860
4.7497

7.1299
7.2804
7.0984
6.6195
7.0481
6.4628
6.7080
6.7603
6.6831

which, the expressed affective states in the first 5 minutes of
each conversation is annotated by six French-speaking assistants
and by the participants themselves. Of these, 18 conversations
were provided as part of the Audio-Visual Emotion Recognition
Challenge (AV+EC 2016) [19] with 9 distinct utterances in the
training and development partitions each. Amongst the most
widely used and publicly available datasets employed in continuous emotion prediction research, the RECOLA dataset has the
largest number of individual annotations per sample (six annotations). Consequently, we chose it for all the analyses reported in
this paper. All 18 utterances from the training and development
partitions of the AV+EC 2016 [19] were used in this study. 6
individual time continuous annotations sampled at 40ms was
provided for arousal and valence for each utterance. Each rating is a numerical value in the interval [−1, 1]. As outlined in
section 2, we map these to the interval [0, 1] for convenience.

ψ

Ep(ψ|yn ) [ln(p(yn |ψ))] =

Distribution

p(ψ|yn ) ln(p(ψ|yn )) dψ
Z
−
p(ψ|yn ) ln(p(ψ) dψ (6)
ψ
Z
+
p(ψ|yn ) ln(p(yn )) dψ.
ψ

4.2. Prior Choices

ψ

R
Since, for any ζ, ζ p(ζ|yn ) dζ = 1, the third term in (6) simplifies to ln(p(yn )).

Distribution parameters could be classified as: location parameters describing the distribution’s position in its region of support,
and scale and/or shape parameter(s) describing the distribution’s
spread and shape. Location parameters were assigned uniform
priors since the region of support is bounded and there is no
reason to prefer one position over another.
Inverse-gamma priors were chosen for scale parameters as
in hierarchical models [20] for every Gaussian-like distribution
because Inverse-Gamma prior has a desirable closed form expression due its conditional conjugacy [21] versus Half-Cauchy
densities, and the uniform distribution which were implicitly
assumed for the MLE estimates. Gamma priors were chosen for
shape parameters as in [20].
In the experiments described in this paper, all relevant quantities of interest for all distributions were computed numerically
over a uniform grid over the parameter space. Additionally, the
leading frames of each utterance, where the ratings were all zero
valued, were discarded.

Ep(ψ|yn ) [ln(p(yn |ψ))] = −H[p(ψ|yn )] + ln(p(yn ))
Z
(7)
−
p(ψ|yn ) ln(p(ψ) dψ
ψ

Integrating the third term by parts we have,
Z
Z ′
p (ψ)
p(ψ|yn ) ln(p(ψ)) dψ = ln(p(ψ) −
dψ
ψ
ψ p(ψ)

(8)

Substituting the result of (8) in (7),
Ep(ψ|yn ) [ln(p(yn |ψ))] = −H[p(ψ|yn )] + ln(p(yn )) + C
(9)
where, C is a constant of integration.
From (9), we see that the proposed measure
Ep(ψ|yn ) [p(ψ|yn )] depends upon the entropy H of the
posterior distribution. A distribution with lower H, is sharper
and since ELL depends on −H, a higher ELL indicates a better
fit over a range of parameter values.

5. Results and Discussion
The average log-likelihood based on maximum likelihood fits
for the various distributions, LA and LV , and the expected loglikelihood over the parameter posteriors, EA and EV , are listed
in Table 1. In terms of the log-likelihood of the MLE fits, the
Trapezoidal distribution best describes the ratings, followed by
the Beta distribution represented as, β. However, it is worth
remembering that the Trapezoidal distribution has four parameters (significantly greater than for the other distributions here),
and the ML estimate is obtained using only 6 ratings and con-

4. Experimental Settings
4.1. RECOLA Database
The Recola multimodal database [4] consists of over 9.5 hours
of spontaneous dyadic conversation recordings in French of
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Figure 5: Histograms of expected log-likelihood ratios of Beta
distributions to others over parameter posteriors for arousal
ratings.
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Figure 4: Histograms of log-likelihood ratios of Beta distributions to others based on ML parameter estimates for valence
ratings.

a bounded domain were investigated as alternatives and the Beta
distribution was found to be the most suitable to model numerical
emotion labels. In particular, the Beta distribution consistently
proved to be a better fit to the emotion ratings, across time, in
the RECOLA dataset. Furthermore, while the RECOLA dataset
was chosen for this study since it provides the highest number of
label annotations amongst all the commonly employed datasets
providing continuous affect annotations, the characteristics of
continuous affect labels do not change with context. Therefore,
the analyses and findings in this paper are expected to be relevant
in all similar scenarios. As mathematical frameworks that consider ambiguity and uncertainty in affective computing systems
develop, it can be expected that the choice of distribution to
model affect labels would play an increasingly crucial role.

sequently there is a strong chance of overfitting. Looking at the
expected log-likelihood values, we can see this indeed might be
the case. Overall based on Table 1 it would be reasonable to suggest the Beta distribution (and the closely related Kumaraswamy
distribution) is the best choice.
We also analyse the frame-wise log-likehood ratios (based
on MLE parameter estimates) comparing the Beta distribution
to all other distribution, for both arousal and valence, and plot
the histograms in Figures 3 and 4. Similarly, the histograms of
frame-wise expected log-likelihood ratios comparing the Beta
distributions to the others are shown in Figures 5 and 6. All
four plots reveal that consistently, across majority of the data
points or frames in the RECOLA dataset, the Beta distribution is
a better choice than all the others.
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