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Abstract
Knowledge Distillation basically matches predictive distribu-
tions of student and teacher networks to improve performance
in an environment with model capacity and/or data constraints.
However, it is well known that predictive distribution of neu-
ral networks not only tends to be overly confident, but also
cannot directly model various factors properly that contribute
to uncertainty. Recently, deep learning studies based on uncer-
tainty have been successful in various fields, especially in sev-
eral computer vision tasks. The prediction probability can im-
plicitly show the information about how confident the network
is, however, we can explicitly utilize confidence of the output
by modeling the uncertainty of the network. In this paper, we
propose a novel knowledge distillation method for automatic
speech recognition that directly models and transfers the uncer-
tainty inherent in data observation such as speaker variations or
confusing pronunciations. Moreover, we investigate an effect of
transferring knowledge more effectively using multiple teach-
ers learned from various domains. Evaluated on WSJ which is
the standard benchmark dataset with limited instances, the pro-
posed knowledge distillation method achieves significant im-
provements over student baseline models.
Index Terms: aleatoric uncertainty, end-to-end speech recogni-
tion, multi-domain, knowledge distillation

1. Introduction
Knowledge distillation (KD) aims to improve the performance
of a target network with limited capacity or data, by transferring
the knowledge of a teacher network, possibly larger or trained
with more data. KD is originally proposed in [1] to minimize
the performance degradation even under resource constraints by
matching the softmax prediction probability of student network
with that of teacher network. In recent years, beyond the infor-
mation on softmax layer, the knowledge of intermediate layers
[2] or attention maps [3] is used for matching to further improve
performance. As a general purpose compression technique, this
KD has been applied for various fields including not only com-
puter vision tasks [4, 5, 6, 7] but automatic speech recognition
(ASR) [8, 9, 10, 11].

The core principle of KD proposed in [1] is that the softmax
probability generated by teacher network contains much more
useful information than a single point of output label, to guide
the student network. That is, by matching predictive distribu-
tions, the student network can implicitly utilize the information
about how confident the teacher network is about the given in-
put data. We go one step further and ask the following question:
Can we explicitly utilize the information about the uncertainty

of teacher network?
In fact, the task of measuring the uncertainty of the given

model itself is challenging (especially for deep models), and
several studies have been conducted. As a seminal work in this
field, [12] has shown that deep neural networks trained with
dropout regularization is basically a variational approximation
of the posterior of a deep Gaussian process, and that a dropout-
regularized network can output uncertainty by applying dropout
at test time. However, as in revealed in [13], it is helpful to
model the noise inherent in observations called aleatoric un-
certainty (uncertainty that cannot be explained away even with
sufficient data) in situations where data is sufficient.

In this paper, we study a method of knowledge distillation
where the student network is restricted to learn with little data
due to issues such as privacy. Specifically, we directly trans-
fer uncertainty information by modeling token-wise uncertainty
which type is heteroscedastic or aleatoric. To further boost the
performance, we also propose to distill the knowledge from
several teacher networks from multiple domains via dynamic
weighting. We show that the proposed KD method achieves sig-
nificant improvements over the student baseline on Wall Street
Journal (WSJ) [14] when the teacher models are trained on sev-
eral standard benchmark datasets for ASR such as LibriSpeech
[15] and Tedlium2 [16].

2. Knowledge distillation for E2E ASR
As a sequence labeling task, the end-to-end (E2E) ASR takes a
sequence of input tokens s and makes predictions on output text
t by minimizing the negative log-likelihood (NLL),

LNLL = −
∑
i

|C|∑
c=1

δ (yi, c) log p (ti = c|s; θ) (1)

where yi is the i-th ground truth in the target text and in
p(ti = c|s; θ) we suppress the dependency on predictions or
ground truth for previous tokens. Here, C indicates the output
vocabulary and the symbol c is the class index. θ is the model
parameter, and δ indicates Kronecker delta which is a func-
tion of two variables where the function is 1 if the variables
are equal, and 0 otherwise. This objective can be seen as min-
imizing the cross-entropy between the target and model output
probability distribution.

The goal of KD is to effectively transfer the knowledge of
a teacher model to a student model. An original teacher model,
which performs the task well enough, guides a student model
with limited data or capacity. As a consequence, the student
model retains the distilled knowledge of the teacher model. The
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Figure 1: Example of a recognition result, probability and un-
certainty for the ”5683-32866-0028” utterance in a test-clean
set of Librispeech. The error occurs at the confusing pronunci-
ation between HEAR and HOR.

standard form of token-level KD [8, 9, 10] for compressing E2E
ASR models is as follows:

Ltok-KD = −
∑
i

|C|∑
c=1

p̂ (ti = c|s; θT ) log p (ti = c|s; θ) , (2)

where p̂i (instead of δ in NLL loss) is the i-th token output dis-
tribution from the teacher model parameterized by θT which
is pre-learned model parameters of the teacher model. Mini-
mizing this loss function can be viewed as minimizing the KL-
divergence between teacher and student’s probability distribu-
tions.

3. Uncertainty-matching knowledge
distillation

Uncertainty is additional information to the predictive distribu-
tion, which shows how much confident predictive probabilities
are. In [13], they proposed to capture uncertainty in both the
model and data using MC-dropout and input-dependent vari-
ance modeling, and applied it to semantic segmentation and
depth estimation. In this paper, we utilize uncertainty in KD
experiments for sequence-to-sequence models.

3.1. Uncertainty modeling for E2E ASR

According to [13], uncertainty in prediction can be categorized
into 1) aleatoric uncertainty, that comes from inherent ambigu-
ity in data, and 2) epistemic uncertainty, that comes from the
model due to lack of data. Especially, the aleatoric uncertainty
in speech recognition usually comes from labeling noise, vari-
ations among speakers, or confusing pronunciations. As an ex-
ample, Fig. 1 shows an example of a recognition result, token-
level class probabilities and aleatoric uncertainty given ground-
truth tokens. When there is an ambiguous pronunciation in the
input utterance, the recognition result shows the error at con-
fusion pronunciation between HEAR and HOR. Moreover, the
model outputs a low value of the class probability and a high
value of uncertainty at the HEAR token.

The aleatoric type of uncertainty can be modeled explicitly
with the network parameters so that we utilize this uncertainty

to transfer additional knowledge of teachers. Specifically, fol-
lowing [13], the model predicts a logit vector fi for each token,
which forms a probability vector pi after a softmax operation.
In order to model token-wise aleatoric uncertainty, our network
generates a variance vector σ2

i whose dimension is the same as
that of the logit vector fi. With this variance vector, the final
logit vector is corrupted by the independent Gaussian noise:

σ2
i = f (Whi + b) , (3)

gi = fi + σ2
i · ε, ε ∼ N (0, I) (4)

where hi is the representation of token i at the previous layer
of logit and σ2

i is linearly projected given hi. For a nonlinear
function f , we can use any function as long as it satisfies the
constraints of σ2

i > 0 like a ReLU. In practice, instead of (3),
the network generates logσ2

i itself without using a nonlinear
function. The corrupted vector gi is then passed through the
softmax function, as in the usual way:

pi = softmax (gi) . (5)

3.2. Uncertainty-matching KD

We now provide our uncertainty based knowledge distillation
approach when transferring knowledge from the teacher net-
work to the student network. Finally, our uncertainty-matching
KD transfers the knowledge present in the token-level noise
vectors σ̂i and σi from the teacher and student networks us-
ing the normalized MSE function:

Lunc-KD =
∑
i

∥∥∥∥ σ̂i

‖σ̂i‖2
− σi

‖σi‖2

∥∥∥∥2 (6)

The final distillation loss of the student model is the combi-
nation of all pieces above:

L = LNLL + αLKD (7)
where LKD = Ltok-KD + βLunc-KD. (8)

Here, the hyperparameter α controls the relative importance be-
tween NLL and KD loss functions while β does that between
tok-KD and unc-KD loss functions. In all our experiments, we
fix β = 1 to simply the hyperparameter tuning process.

When multiple teacher networks are given, the student net-
work is then trained to minimize the following loss:

LKD =

K∑
k=1

γkLk
KD. (9)

Here, γk is a relative weight for the k-th teacher model. Typi-
cally, γk in (9) is set to a equal value without any a prior knowl-
edge on the teacher model’s domain. In our experiments, we set
the same weight values for all k when KD training.

4. Experiments
In this section, we describe our experiments on LibriSpeech
[15], Tedlium2 [16], and WSJ [14] corpus as multi-domain
datasets. LibriSpeech is primarily composed of 960 hours of
audio reading public domain books. And the Tedlium2 dataset
is extracted from TED talks, which consists of 207 hours of au-
dio. These two speech corpus were used for training the teacher
networks. For WSJ, we use si-284 with approximately 81 hours
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Table 1: Transformer architectures of teacher and student net-
works. The number of hidden H , filter F and head h sizes are
described.

Model Layers F /H/h Param.

Teacher Libri 12/6 512/2048/8 70.7M
Ted 12/6 256/2048/4 27.1M

Student
WSJ-base 12/6 256/2048/4 27.1M
WSJ-small 8/4 256/2048/4 18.7M
WSJ-tiny 6/2 256/1024/4 8.7M

Table 2: Baseline performance in WERs [%] on nov93 dev and
nov92 test sets of WSJ.

Model nov93 nov92
Libri 4.7 2.9
Ted 6.5 4.5

WSJ-base 7.8 4.9
WSJ-small 8.3 5.5
WSJ-tiny 8.4 5.6

of speech as the training set, nov93 as our development set and
nov92 as our test set. The student networks were trained using
WSJ corpus. In tables, we denote the LibriSpeech and Tedlium2
as Libri and Ted, respectively.

For all speech corpora, we represent input signals as a se-
quence of 80-dim log-Mel filter bank with 3-dim pitch fea-
tures [17]. SentencePiece[18] is employed as the tokenizer, and
we select 31 characters including blank, unk and space
for output unit modeling. All configurations for student and
teacher networks are described in Table 1. For a LM of WSJ, we
adopted 12-layer Transformer LM with 512 filters, 2048 hidden
units and 8 heads when decoding for all KD experiments. For
training ASR models, we employed label smoothing of value as
0.15, and scheduled sampling [19] after 100k gradient updates.
We used the Adam [20] optimizer with β1 = 0.9, β2 = 0.98
and ε = 10−9. The hyperparameters of SpecAugment [21] fol-
low [22] for all ASR experiments. The speed perturbation is
applied only for training the Tedlium2 ASR teacher model. We
used the baseline models as the pre-trained model for KD exper-
iments with the initial learning rate of 1.0. The weight param-
eter α for KD is set to 2.5 both for two ASR teachers. We av-
erage the 5 checkpoints yielding best recognition accuracies in
token-level on validation sets as the final model. All the experi-
ments are implemented based on ESPnet [22]. Overall baseline
setup on WSJ experiments follows that of ESPnet. All models
are jointly trained with a Connectionist Temporal Classification
(CTC) [24] loss function with a weight 0.3. In joint decoding
for KD experiments, we integrated the neural network-based
LM with E2E ASR models by shallow fusion [23] which is a
log-linear interpolation between token-level probabilities dur-
ing beam search in addition to the CTC probabilities as in [22].
We set beam width, LM and CTC weights to 16, 0.85, and 0.3,
respectively. We observed word error rates (WERs) as the eval-
uation metric.

4.1. Baseline performance

Table 2 shows the baseline performance of the teacher and stu-
dent models in WERs. As the student model size decreased, the
recognition performance was degraded more. When the com-
pression ratio is 0.3 from WSJ-base to WSJ-tiny, the WER in-

Table 3: WERs [%] of proposed knowledge distillation methods
on WSJ.

Model Teacher Method nov93 nov92
WSJ-base - - 7.8 4.9

Libri tok-KD 5.5 3.5
Ted 5.7 3.7
Libri, Ted 5.2 3.1
Libri + unc-KD 5.2 3.0
Ted 5.3 3.3
Libri, Ted 5.0 3.1

Table 4: Model compression results in WERs [%] on WSJ for
different student model sizes.

Model Teacher Method nov93 nov92
WSJ-small - - 8.3 5.5

Libri tok-KD 5.7 4.0
+ unc-KD 5.4 3.8

Libri, Ted 5.1 3.8
WSJ-tiny - - 8.4 5.6

Libri tok-KD 7.4 5.1
+ unc-KD 7.1 4.7

Libri, Ted 6.3 4.3

creased from 4.9% to 5.6% on nov92. The recognition perfor-
mance of two teacher models outperforms the student baseline
models. The Librispeech ASR teacher model shows the best
WER of 2.9% on nov92. Moreover, the Tedlium2 ASR teacher
model shows degraded but still competitive performance com-
pared to the performance of the Librispeech teacher since the
Tedlium2 teacher network is trained using a smaller size of
speech corpus.

4.2. Multi-domain uncertainty-matching KD

The effectiveness of the proposed knowledge distillation meth-
ods is shown in Table 3 and 4. Overall knowledge distilla-
tion results outperformed the student baseline models which are
trained from scratch. Moreover, the proposed unc-KD method
works well for overall KD experiments with teachers from dif-
ferent domains. In Table 3, the WER of tok-KD on nov92
was 3.1% when using both Librispeech and Tedlium2 teachers,
yielding a relatively 36.7% reduction over the student baseline.
Moreover, WERs of 3.0% and 3.3% on nov92 were achieved
using unc-KD, yielding a relative improvements of 14.3% and
10.8% over the results of the KD method only with tok-KD us-
ing Librispeech and Tedlium2 teachers, respectively. This in-
dicates that the effectiveness of transferred knowledge differs
from teachers which are trained from different domains. When
distilling both two teacher networks to transfer the output prob-
ability and uncertainty information, the final WERs of 5.0% and
3.1% on nov93 and nov92, yielding a relative improvements of
35.9% and 36.7% over the student baseline. However, the rela-
tive WER improvements over models with the tok-KD method
are less than that over the baseline models.

Table 4 shows the overall recognition performance of stu-
dent models which have smaller network sizes than the WSJ-
base model. Despite the reduction in model size, WERs of the
student models exceeded the baseline performance of WSJ-base
in all cases after KD was performed. The final WERs of WSJ-
small and WSJ-tiny models by the proposed unc-KD method
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Table 5: Effectiveness of uncertainty modeling for ASR and lan-
guage models. WERs [%] on test-clean and test-other sets of
Librispeech. We denote the Transformer and uncertainty as Trf.
and Unc., respectively.

Model test-clean test-other
Trf. ASR - 3.5 8.3

+ Unc. - 3.4 8.0
Trf. ASR Trf. LM 2.5 5.6

+ Unc. Trf. LM 2.5 5.6
Trf. ASR + Unc. 2.5 5.6

+ Unc. + Unc. 2.4 5.6

Table 6: Comparison of WERs [%] on WSJ for different ASR
systems. We denote the Transformer as Trf.

Model Params LM nov93 nov92
Deep Speech 2 [25] 52M 5-gram - 3.6
Fully Conv. [28] - Conv 6.8 3.5
QuartzNet 5x3 [26] 6.4M Trf.XL 7.0 4.5

15x5-transfer 18M Trf.XL 4.8 3.0
Trf. Self-distil [11] 27.1M Trf. 6.9 4.2
Proposed KD w/ multi-domain teachers
Trf. WSJ-base 27.1M Trf. 5.0 3.1
Trf. WSJ-small 18.7M Trf. 5.1 3.8
Trf. WSJ-tiny 8.7M Trf. 6.3 4.3

are 3.8% and 4.3% on nov92, yielding the relative WER im-
provements of 29.6% and 21.8% over each baseline, repec-
tively. Compared to the method of tok-KD only, additional dis-
tilled knowledge from uncertainty also helps to improve the
recognition performance, yielding the relative WER improve-
ments of 5.0% and 7.8% on the WSJ-small and WSJ-tiny model
when the single Librispeech teacher model is used. Finally, we
emphasize that the final KD results on nov92 set for all student
models outperformed the teacher baseline of Tedlium2.

4.3. Effect of uncertainty modeling

Table 5 shows the effect of uncertainty modeling on the ASR
and language model. Overall results when the models are
trained via modeling uncertainty outperformed the models with-
out uncertainty. Especially, the Transformer ASR model with
uncertainty shows the WER relative improvements of 2.8% and
3.6% on test-clean and test-other set, respectively, when decod-
ing with no LM. Uncertainty modeling for both ASR and lan-
guage models gives slightly better WER improvements. In Fig.
2, the probability and uncertainty distribution for each token are
shown for Librispeech and Tedlium2 teacher models. The sub-
figures in Fig. 2 is drawn using the ”01fc020k” utterance in a
train-si284 set of WSJ. The space and eos token in x-axis of
each figure are denoted as and ., respectively. Interestingly,
the output probability distribution of two teacher models has
a similar shape, but the uncertainty distributions between two
teacher models are quite different for each token.

4.4. Comparison

Table 6 summarizes WERs of prior works and our implementa-
tions on WSJ. Despite of the small-sized model such as WSJ-
small and WSJ-tiny, the proposed KD method has competitive
performance to the performance of previous works on WSJ.
Deep Speech 2 [25] reports a WER of 3.6%, whose ASR model

Figure 2: Comparison of probability and uncertainty distribu-
tions between two ASR teachers. The top and bottom sub-figures
show the probability and uncertainty distributions, respectively.
The left and right sub-figures are drawn using Librispeech and
Tedlium2 ASR teachers, respectively.

is trained using more training data (150 times) for the ASR
model, and abundant texts for LM training. And QuartzNet
15x5 with transfer learning [26] shows the best character-based
performance on WSJ for a supervised learning task, by a WER
3.0% on nov92, which is pre-trained of 960-hours Librispeech
and Mozillas Common Voice datasets, and then fine-tuned on
WSJ. Our student model is purely trained using the 81-hour
WSJ training set only, compared to other works, but utilizes the
plentiful information from the teacher models which are trained
using more training data such as Librispeech and Tedlium2
corpus. Note that Transformer-XL [27] has more network pa-
rameters compared to our Transformer LM. For the compari-
son of other KD works for ASR, our final model outperforms
self-distillation [11], which utilizing the Transformer outputs
and attention weights for making pseudo-targets to improve the
encoding ability of speech frames. The WSJ-tiny model still
has competitive performance of self-distillation [11] despite a
small-size model of 8.7 million (M) parameters by showing a
WER difference of 0.1% on nov92.

5. Conclusion

In this paper, we investigated uncertainty-based knowledge dis-
tillation method for the self-attention based E2E model to over-
come the degraded performance of models with small amount
of target training data and limited sizes. We matched the
aleatoric uncertainty of the output sequences of the teacher
model based on the ground-truth target sequences to the KD
loss function. Moreover, we showed the effectiveness of multi-
ple teachers from different domain and type. We demonstrated
that the WERs were improved over the baseline on WSJ, clearly
showing that the recognition performance was meaningful us-
ing the additional loss function with uncertainty and multiple
teachers. Finally, we emphasize that the proposed KD method
can be applied on other recognition systems that are capable of
modeling uncertainty.
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