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Abstract
We propose a sound source localization technique that estimates
a speech source location without precise grid searching. The
source location is estimated in a parameter optimization manner
to minimize the steered-response power (SRP) function with the
near-field assumption. Because there is no closed-form solution
for the SRP function, we introduce an auxiliary function of the
SRP function based on the majorization-minimization (MM) al-
gorithm. Parameters are updated iteratively to minimize the
auxiliary function with alternate execution of time-difference-
of-arrival (TDOA) estimation and range-difference (RD) based
localization. When TDOA estimation and RD-based localiza-
tion are performed in a cascade manner, the estimation accu-
racy of the source location is strongly affected by the estimation
accuracy of the TDOA. On contrary, the proposed method cor-
rects the estimated TDOA by referring to the estimated source
location in the previous iteration. Thus, it is expected for the
proposed method to be robust against TDOA estimation error
which occurs under reverberant environments. Experimental re-
sults show that the proposed method outperforms conventional
techniques under a reverberant environment.
Index Terms: TDOA estimation, SRP-PHAT, speech source
localization, reverberation

1. Introduction
Sound source localization (SSL) is an essential function for tele-
conference systems, speaker diarization systems, acoustic event
detection systems [1], humanoid robots [2, 3], and so on. As a
frontend system of automatic speech recognition systems, SSL
enables to identify a target talker. SSL is also useful for speech
source separation [4–8].

SSL with multiple microphones has been studied for a long
time [9–14]. Steered-response power (SRP) based methods
[15–17], multiple signal classification (MUSIC) [18–20], and
estimation of signal parameters via rotational invariance tech-
niques (ESPRIT) [21] are frequently utilized. These techniques
search for the speech source location by grid searching. SSL
accuracy depends on the preciseness of grids. However, precise
grid-searching is not preferable from the computational cost
perspective, and it is highly required to perform SSL without
precise grid-searching.

Cascade connection of time-difference-of-arrival (TDOA)
estimation [22] based on the generalized cross-correlation
(GCC) methods [23] and range-difference (RD) based localiza-
tion [24, 25] is an alternative for SSL which does not utilize
precise grid-searching. However, the former TDOA estimation
typically fails to estimate the TDOA under reverberant environ-
ments. When the former TDOA estimation part fails, it is hard
for the latter RD based localization part to estimate the correct
location of the speech source.

Recently, direction-of-arrival (DOA) estimation methods
that do not require precise grid searching have been proposed

[26]. Instead of the precise grid searching, the DOA is esti-
mated in a parameter optimization way with the majorization-
minimization (MM) algorithm [27]. It is guaranteed that the
cost function monotonically decreases by updating an auxiliary
function. This MM-based algorithm is based on the far-field as-
sumption that the speech source is far from the microphones. In
the SSL problem, it is needed to estimate not only DOA but also
the distance of the speech source. Thus, it is needed to derive a
MM-based SSL algorithm based on the near-field assumption.

In this paper, we derive a MM-based SSL algorithm based
on the near-field assumption. Parameter optimization is done
based on the majorization-minimization (MM) algorithm [27]
similarly to the sub-sample time delay estimation [28] and the
MM-based DOA estimation algorithm [26]. We derive an auxil-
iary function with the near-field assumption, and we reveal that
the proposed optimization algorithm contains a weighted ver-
sion of the RD based localization step. The proposed method
performs the TDOA estimation and the weighted version of
the RD based localization alternately. Unlike the cascade-
connection based algorithms, the TDOA estimation result is im-
proved based on the estimated speech source location. Exper-
imentally, it is shown that this scheme leads to overcome the
shortage of the cascade-connection based algorithm.

2. Problem statement
A multi-channel microphone input signal is modeled in the
time-frequency domain as xlk ∈ CNm (l is the frame index, k
is the frequency index, Nk is the number of frequency bins, and
Nm is the number of the microphones). The amplitude of each
element of xlk is normalized to one as xlkm = xlkm

|xlkm| . Sound
source localization is performed with the normalized input sig-
nal xlk = {xlkm}. Steered-Response Power (SRP) [15–17] es-
timates a three-dimensional location vector of a speech source
p as follows:

p = argmax
p

(
f (p) =

∑
lk

∣∣∣aH
pkxlk

∣∣∣2) , (1)

where apk is the steering vector at the assumed source loca-
tion p and H is the operator of the Hermitian transpose of a
matrix/vector. The function f (p) can be expanded as f (p) =∑

k a
H
pkRkapk, where Rk =

∑
l xlkx

H
lk. Each element of the

steering vector apk is modeled under the near-field assumption
as apkm = exp (−jωkτpm) , where j =

√
−1, ωk = 2πfk,

fk is the frequency (Hz) of the k-th frequency bin, and τpm is
the time difference between the source location p and the m-th
microphone. τpm is modeled as τpm = ∥p−bm∥2

c
, where bm is

the three-dimensional location vector of the m-th microphone
and c is the sound speed. In the SRP, grid-searching is required
in the argmax calculation of (1). SSL accuracy depends on the
preciseness of grids. However, it is needed to remove precise
grid-searching from the computational-cost perspective.
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3. Proposed method
3.1. Expansion of objective function

The proposed method removes precise grid-searching
for SSL. Instead, the proposed method estimates the
speech source location in a parameter optimization man-
ner. We expand the objective function f (p) to for-
mulate the SSL problem as a parameter optimization
problem. Each element in the matrix Rk is modeled as
rkmn exp (jσkmn). The objective function f (p) is f (p) =∑Nk

k=1

∑Nm
m=1

∑Nm
n=1 rkmn exp (jσkmn + jωk∆τpmn) ,

where ∆τpmn = τpm − τpn. f (p) can be further expanded
by using σkmn = −σknm as follows:

f (p) =

Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

rkmn cos (σkmn + ωk∆τpmn) . (2)

Because p is included in the cos function, optimization of f (p)
w.r.t. p is difficult.

3.2. Introduction of Majorization-Minimization algorithm

We introduce the Majorization-Minimization (MM) algorithm
[27] into the parameter optimization. Similarly to [26, 28], an
upper-limit of the negative objective function can be derived as
−f (p) ≤ g (p, z, y) , where

g (p, z, y) =

Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

αkmn (∆τpmn − dkmn)
2 + const.,

(3)

αkmn =
ω2
krkmn sin(ykmn)

2ykmn
, and dkmn = −σkmn+2πzkmn

ωk
.

dkmn is corresponding to the TDOA between the m-th micro-
phone and the n-th microphone in the k-th frequency bin. In-
stead of optimizing the original objective function f (p), we
optimize the auxiliary function g (p, z, y) w.r.t. p, and the aux-
iliary variables z and y iteratively. Thus, the update of an aux-
iliary variable z is corresponding to restoration of the TDOA
estimation d by referring to the estimated source location p.

3.3. Parameter optimization

The proposed method updates auxiliary variables and the
speech source location iteratively.

3.3.1. Update of auxiliary variables

Similarly to [26, 28], the auxiliary variables are updated as fol-
lows:

zkmn = argmin
z∈Z

|σkmn + ωk∆τp,mn + 2πz| , (4)

ykmn = σkmn + ωk∆τp,mn + 2πzkmn. (5)

3.3.2. Parameter update

Let the first term of (3) be h (p, z, y). h (p, z, y) is redefined as
follows:

h (p, z, y) =

Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

αkmn (τpm − τpn − dkmn)
2 .

(6)
Optimization of h (p, z, y) w.r.t. p corresponds to a weighted
version of the RD based localization problem [24, 25]. In [25],

the RD based localization problem is solved by the r-means
based on the MM algorithm. As an extension of the r-means al-
gorithm, we derive the weighted r-means algorithm (wr-means)
to optimize h (p, z, y).

3.3.3. Weighted r-means algorithm

We derive two types of auxiliary functions for h (p, z, y). The
following lemma is used to derive the first auxiliary function.

Lemma 1. When the matrix Ak = {αkmn} is a semi-positive
definite matrix,

h (p, z, y) ≤ 2

Nk∑
k=1

Nm∑
m=1

αkm (τpm − s1km)2 + const., (7)

where s1km =
∑Nm

n=1 αkmn(τ0,n+dkmn)
αkm

, αkm =∑Nm
n=1 αkmn, and τ0n is an auxiliary variable.

Proof. h (p, z, y) is expanded as follows:

h (p, z, y) =

Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

2αkmn

(
τ2
pm+d2kmn−4dkmnτpm

)
− 2

Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

αkmnτpmτpn.

(8)

When Ak is a semi-positive definite matrix, an upper limit of
the last term can be derived as follows:

Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

αkmn (τp,m − τ0,m) (τp,n − τ0,n) ≥ 0

⇔ −2

Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

αkmnτpmτpn

≤ −4

Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

αkmnτ0nτpm + 2

Nm∑
m=1

Nm∑
n=1

αkmnτ0mτ0n.

(9)

We can derive (7) by applying (9) to (8).

When Ak is not a semi-positive definite matrix, we can uti-
lize Ak = Ak − λkI instead of the original Ak, where λk is
the minimum eigenvalue of the matrix Ak. An important point
is that even when we utilize Ak, g (p, z, y) does not change.
However, in our experiment, there are few cases that do not ful-
fill (7). We define r1 (p) as

∑
k

∑M
m=1 αkm (τp,m − s1km)2.

p can be updated to minimize r1 (p). There is another upper-
limit of h (p, z, y).

h (p, z, y)≤
Nk∑
k=1

Nm∑
m=1

Nm∑
n=1

αkmn (2τp,m−τ0m−τ0n−dkmn)
2

= 4

Nk∑
k=1

Nm∑
m=1

αkm (τpm − s2km)2 ,

(10)

where s2km =
∑

n αkmn(τ0m+τ0n+dkmn)

2αkm
. We define r2 (p) as∑Nk

k=1

∑Nm
m=1 αkm (τp,m − s2km)2.

To optimize r1 (p) or r2 (p), we derive an additional aux-
iliary function. In [25], the following lemma is shown.
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Lemma 2. When skm is a positive scalar,

Nk∑
k=1

Nm∑
m=1

αkm (τp,m − skm)2

≤
Nk∑
k=1

Nm∑
m=1

αkm∥p− am − skmem∥22, (11)

where

em =
p− am

∥p− am∥2
. (12)

Similarly to [25], s1km and s2km are almost positive
scalars. Thus, p1 and p2 are optimized by minimizing the right
term of the (11) as follows:

p1 =

∑
k

∑M
m=1

∑M
n=1 αkmn (am + (τ0n + dkmn) em)∑
k

∑M
m=1

∑M
n=1 αkmn

,

(13)

p2 =

∑
k

∑M
m=1

∑M
n=1 αkmn

(
am +

τ0,m+τ0n+dkmn

2
em

)
∑

k

∑M
m=1

∑M
n=1 αkmn

.

(14)

Generally speaking, the cost function decreases more rapidly
with p1 than with p2. However, there is no justification that A
is a positive definite matrix. Therefore, we utilize p ∈ {p1,p2}
which minimizes the original cost function. Similarly to the r-
means [25], we also utilize the Steffensen acceleration method
[29] to accelerate convergence speed. t is the iteration index.

q(t) = p(t) + α∆p(t), (15)

where
∆p(t) = p(t) − p(t−1), (16)

∆2p(t) = ∆p(t) −∆p(t−1), (17)

α = −∆p(t),T∆2p(t)

∥∆2p(t)∥2
. (18)

Finally,

p̃(t) = argmax
(
f
(
p(t)

)
, f
(
q(t)
))

. (19)

3.3.4. Summary of parameter update

In each iteration, auxiliary variables and the speech source lo-
cation are updated as follows:

1. Update zkmn based on (4).

2. Update ykmn based on (5).

3. Update τ0m = τpm.

4. Update em based on (12).

5. Update p1, p2, q(t), and p̃(t) based on (13), (14), (15),
and (19), respectively.

p̃(Lt)(Lt is the final-iteration index) is the output source loca-
tion.
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Figure 1: Experimental results when T60 = 0.33 [s]
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Figure 2: Experimental results when T60 = 0.73 [s]

4. Experiment
4.1. Experimental setup

Sound source localization performance was evaluated by us-
ing Pyroomacoustics [30]. Pyroomacoustics sim-
ulates reverberant mixtures in a 5 × 5 × 3 m room with
two RT60 conditions, i.e., 0.33 [s] and 0.73 [s]. Anechoic
speech sources were extracted from the CMU ARCTIC Con-
cat15 dataset [31] which concatenates utterances extracted from
the CMU Sphinx database [32]. The average speech length
was approximately 17 [s]. The number of the speech sources
was set to 1. 100 reverberant mixtures were simulated for
each condition. The sampling rate was 16000 Hz. Signal
to Noise Ratio (SNR) between a speech source and back-
ground noise was set to 10 dB. The frame size was 2048.
The frame shift was 512. The total number of frequency bins
was 1025. All frequency bins were utilized for localization.
We utilized 5 regular tetrahedron arrays. The total number
of microphones was 20. Each array was regarded as a subar-
ray. Locations of 5 arrays were (2.5, 2.5, 1.5), (0.25, 2.5, 1.5),
(4.75, 2.5, 1.5), (2.5, 0.25, 1.5), and (2.5, 4.75, 1.5). We call
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Figure 3: Experimental results of convergence speed

the proposed method SRP-MM. The proposed SRP-MM was
compared with SRP [15], MUSIC [18], and TDOA + RMEANS
in which TDOA estimation is done with GCC-PHAT [23] fol-
lowed by SSL with r-means [25]. We calculate the correlation
between microphones only within each subarray because SSL
results of all methods were better with this approximation in the
preliminary experiment. This means that the covariance matrix
Rk was approximated as Rk ≈ diag{ R1k · · · RBk }.
In the proposed method, the initial location p was set to be a
SSL result by SRP with the rough grid searching under the con-
dition that the interval between two grids was I .

4.2. Experimental results

In Fig. 1 and Fig. 2, experimental results for RT60 = 0.33 [s]
and 0.73 [s] are shown as box-whisker plots, respectively. The
distance between microphones in each subarray, dsubarray, was
set to 0.1, 0.2, and 0.3 [m]. In TDOA+RMEANS, the interpola-
tion rate was set to 8. In the proposed SRP-MM, the interval be-
tween two grids I was set to 0.3m each. The number of the MM
iterations for SRP-MM was 1000, and the number of the MM it-
erations for TDOA+RMEANS was 5000. In the preliminary ex-
periment, we confirmed that SRP-MM and TDOA+RMEANS
converge in these iterations. When the environment is more re-
verberant, i.e., RT60 = 0.73 [s], the estimation error of the
TDOA-RMEANS is much bigger than the less reverberant case
(RT60 = 0.33 [s]). On the other hand, the estimation error of
the SRP-MM is much less than that of the TDOA+RMEANS. It
is shown that the proposed alternate update of the parameters is
more robust against reverberation than the cascade-connection
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Figure 4: Experimental results of localization performance
against processing time

based method. In Fig. 3, convergence speed was evaluated. I
was set to be 0.2 [m] or 0.3[m]. It is shown that the median er-
ror of the SRP-MM is decreasing stably in each result. We also
evaluated localization performance against processing time in
Fig. 4. In the proposed method, I was set to be 0.2 [m] or 0.3
[m]. A server with Intel Xeon Silver 4210 CPU @ 2.20GHz
and 32 GB RAM was used. Each dot represents the localization
error for each iteration. In TDOA+RMEANS, the interpolation
ratio was set to be 1, 2, 4, and 8. It is shown that the proposed
SRP-MM outperformed the other methods under the condition
that the processing time was equivalent under a reverberant en-
vironment.

4.3. Conclusion

We proposed a sound source localization method that does not
utilize precise grid searching. The proposed method estimates
a speech source location in a parameter optimization manner
based on the majorization-minimization (MM) algorithm. Ex-
perimental results showed that the proposed method outper-
formed cascade connection of TDOA estimation and range dif-
ference based localization, especially under reverberant envi-
ronments.
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