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Abstract 

In this contribution, an estimation procedure for speech 

analysis considering time-varying reflection coefficients is 

proposed. The time-varying reflection coefficients of the 

lattice filter are estimated by minimizing the output powers of 

each section of the FIR lattice filter. For that purpose, the 

coefficient trajectory of each speech segment is parameterized 

by linear basis functions. To ensure continuous trajectories at 

the frame boundaries, the trajectory of each frame is estimated 

with respect to the coefficients of the left-side frame resulting 

in a dependent analysis of the frames. The frames can be 

analyzed successively from left to right in an adaptive way 

yielding a continuous piece-wise linear parameter trajectory 

in terms of reflection coefficients. 

Index Terms: time-varying prediction, speech analysis 

1. Introduction 

Linear prediction represents an inverse filtering technique, 

which is often based on general all-pole models considering a 

stationary process. Since speech is nonstationary, the speech 

signals are usually analyzed segment-wisely under the 

assumption of stationary statistics within each segment [1-2]. 

However, this is only a simplification of the actual conditions 

of the speech production process. The nonstationarity of 

speech is mainly caused by vocal-tract movements and by the 

vibrations of the vocal folds. The vocal-tract movements 

caused by the articulators are effective in significantly wider 

time spans than the relatively fast vocal-fold vibrations. If 

nonstationarity is considered explicitly for the estimation, 

time-varying analysis techniques are needed allowing time-

varying coefficients of the underlying model. For the 

estimation of nonstationary processes corresponding to audio 

and speech signals, some approaches exist [3-11]. A general 

approach is given by adaptive filter algorithms such as LMS, 

RLS or Kalman filter [3-4]. A specialized approach is the 

time-varying autoregressive modeling technique (TVAR), 

which estimates a time-varying AR model. One practical 

solution to determine the coefficients is to develop the 

coefficient trajectory by basis functions, e.g. in [5-9]. Hereby, 

the coefficients of the basis functions can be determined by a 

least square estimation [5]. An analytical solution for the 

analysis of adjacent frames is given in [8-9], which yields the 

optimum coefficients in terms of the direct form under the 

constraints of a continuous trajectory. It is known that the 

direct-form coefficients are not the optimum parameter 

description to model the vocal-tract movements; furthermore, 

the check on stability is inconvenient for the direct form. The 

reflection coefficients of the lattice filter are significantly 

more suitable to model the vocal-tract movements since the 

lattice filter represents a simple vocal tract model by a 

lossless tube system. In [6] a method is proposed which 

estimates time-varying reflection coefficients from a single 

frame by using basis functions. In comparison to the approach 

of [6], in this contribution an algorithm is proposed which 

analyzes a sequence of adjacent frames by a FIR lattice filter 

on the constraints of continuously connected coefficient 

trajectories between the frames. For that purpose, the frames 

are analyzed jointly one after the other to fulfill the 

continuous condition.  

2. Time-varying estimation procedure 

2.1. Time-varying inverse filtering 

The IIR lattice filter is related to a simple vocal tract model 

and is, therefore, a suitable system for model-based speech 

analysis. The FIR lattice filter can be used for analysis by 

inverse filtering. Fig. 1 shows the FIR lattice filter with N 

reflection coefficients ir  as parameters. The lattice filter can  

 

Figure 1: FIR lattice filter for inverse filtering. 

be described by a concatenation of sections, which include 

each a reflection coefficient. If stationary processes are 

assumed, the analysis can be performed by the Burg method 

minimizing the arithmetic mean of the output powers of each 

section. In comparison to the Burg method [12], in the 

nonstationary case the reflection coefficients are time-varying 

in each section. In [6] an estimation procedure for single 

speech segments is proposed estimating time-varying 

reflection coefficients by using basis functions. Here, an 

approach for multiple adjacent frames is treated, with linear 

basis functions for each frame. Fig. 2 shows the i-th section of 

the FIR lattice filter, whose outputs are to be minimized.  

   

Figure 2: i-th section of FIR lattice filter. 

The inputs are here denoted by the designations 

( ) ( )f

i io n x n=  and ( ) ( 1)b

i iu n x n= −  and the outputs are 

denoted by 1( ) ( )f

i iv n x n+=  and 1( ) ( )b

iw n x n+= .  

The input of the lower path is defined by the signal behind 
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the delay with ( ) ( 1)b

i iu n x n= −  so that no delay exists 

between the signals o, u, v, and w. Since P adjacent frames 

are analyzed, in the following description the signals and 

coefficients are marked by the superscript k to indicate the 

corresponding frame. The first input signals of the FIR lattice 

filter on the left are initialized for the k-th frame with 

            1 ( ) ( )k ko n x n=  and 1 ( ) ( 1)k ku n x nγ= ⋅ − .              (1) 

For a formulation as prediction, 1γ =  is valid; however, 

1γ = −  describes approximately an open tube of the IIR 

lattice filter corresponding to a tube model. For determining 

vocal-tract areas from the reflection coefficients, 1γ = −  is 

appropriate. It should be mentioned that the sign of γ  don’t 

change the trajectory of the frequency responses, as long as 

| | 1γ =  is valid. The effect of the sign of γ  is that it alters the 

signs of all reflection coefficients. The trajectory of the i-th 

reflection coefficient k

ir  of the k-th frame is defined by  

                     ( ) ( )k k k k

i i ir n c d nφ= + ⋅                               (2) 

                               with  

         ( ) ( 1) /( 1) for 1k k kn n L n Lφ = − − = … .        

Eq. (2) describes trajectories for each frame with linear basis 

functions, which are parameterized by the constant c and the 

slope d. The coefficient c represents a constant basis function, 

whereas 
kφ  represents the slope of the straight line implying 

the time-varying component. The outputs of the section can 

be described by the basis functions with 

              ( ) ( ) ( ( )) ( )k k k k k k

i i i i iv n o n c d n u nφ= + + ⋅ ⋅             (3)              

              ( ) ( ) ( ( )) ( )k k k k k k

i i i i iw n u n c d n o nφ= + + ⋅ ⋅ . 

An independent analysis of the frames causes discontinuities 

of the trajectories between frames. To prevent the occurrence 

of discontinuities, the definition of the continuous condition  

                 1 1(1) ( )k k k

i i
r r L− −=   for  2k P= …                  (4) 

is suitable forcing that the last coefficient value in time of 

frame k-1 is equal to the first coefficient value of the next 

frame k. Hence, the trajectories of the reflection coefficients 

are continuously connected between the frames. Eq. (4) can 

be expressed by the coefficients of the basis functions with 

                             1 1k k k

i i ic c d− −= + .                                 (5) 

1 1 1 1( )k k k k

i i ir L c d− − − −= +  is the last coefficient value in time of 

frame k-1 since the time-varying basis function ( )
k
nφ  

contains values reaching from zero to one. Eq. (4) or (5) 

couples the analyses of adjacent frames. A successive analysis 

of the frames from left to right is suitable to fulfill the 

continuous condition. This can be seen from the following 

dependence of the coefficients: if the analysis result of the 

left-side frame k-1 is given, then only the parameters k

id  have 

to be estimated for the analysis of the frame k since the 

parameters k

ic  are prescribed by the left-side frame with Eq. 

(5). Therefore, the estimation of the k-th frame can be 

performed by the mapping ( )k k

i id c , which will be derived in 

the following. For the following description, the definitions  

           ( ) ( ) ( )k k k

i io n n o nφ= ⋅ɶ  and  ( ) ( ) ( )k k k

i iu n n u nφ= ⋅ɶ  

of signals weighted by the time-varying basis function are 

useful. With the aid of these definitions, the output signals of 

Eq. (3)  can be expressed by  

                           k k k k k k

i i i i i iv o c u d u= + ⋅ + ⋅ ɶ                     (6) 

                          k k k k k k

i i i i i iw u c o d o= + ⋅ + ⋅ ɶ . 

The time index is leaved out in Eq. (6). The criterion for the 

estimation is the minimization of the section outputs, which is 

given by the error 

                           
2 2

( ) ( ) ( )
k k k

i i ie d v w = + E                   (7) 

or with Eq. (6) by 

 
2 2

( ) ( ) ( )
k k k k k k k k k k k

i i i i i i i i i i ie d o c u d u u c o d o = + ⋅ + ⋅ + + ⋅ + ⋅ ɶ ɶE . 

The error represents the arithmetic mean of the output powers 

analogously to the Burg method. The expected value E is 

interpreted as mean due to the nonstationarity of the process. 

To yield the minimum of the error, the derivative of e has to 

be zero leading to 

                                     
( )

0
k

i

k

i

e d

d

∂
=

∂
 .                            (8) 

Solving Eq. (8) for k

i
d  results in the formula  

      
2 2

( )
( ) ( )

k k k k k k k k k k
k k i i i i i i i i i i
i i k k

i i

u o c u u o u c o o
d c

u o

 + ⋅ + + ⋅
= −  + 

ɶ ɶ ɶ ɶ

ɶ ɶ
E .  (9) 

Eq. (9) yields the optimum coefficient k

id  under the 

condition of the prescribed parameter k

ic . For obtaining the 

coefficients k

id , Eq. (9) can be applied for 1i N= …  together 

with a subsequent filtering of each section by Eq. (6). The 

expected value of Eq. (9) is determined by the averaged 

values of the frame. For example, the expected value of 
k k

i io u  ɶE  of the i-th section is calculated by 

                      
1

1
( ) ( )

k
L i

k k k k

i i i ik
n

o u o n u n
L i

−

=

  = ⋅  − ∑ɶ ɶE .        (10)  

2.2. Successive analysis of frames 

Since 1 1k k k

i i ic c d− −= +  is valid due to the continuous 

condition, k

id  can be calculated with respect to the estimation 

result of the left-side frame k-1. Hence, the estimation of a 

sequence of adjacent frames can be performed by a successive 

estimation of the frames from left to right. The first left-side 

frame has no frame at the left side. Therefore, this frame is 

analyzed by the conventional Burg method. The other frames 

can be analyzed one after the other from 2k =  to the last 

frame k P= .  

2.3. Frame overlapping 

If the adjacent frames are analyzed successively as described 

in the previous section with respect to the continuous 

condition, the resulting sequence of boundary coefficients 

(1)k

ir  still fluctuates. This circumstance is caused by the fact 

that the right-side coefficient vector of the frame is estimated 

from the current frame k with signal values from (1)kx  to 

( )k kx L . The right end ( )k k

ir L  of the straight line of the 

coefficient trajectory is estimated only with values which are 

located left of the time index of position kL . Values right 

side of the frame are ignored causing an insufficient amount 

of data for the estimation. To tackle this problem, the amount 

of data for the estimation can be extended by considering also 

values right of the current frame. For that purpose, the values 

of the next frame are included in the estimation. The current 

frame is extended by the values 1( )kx n+  of the next frame by 

the definition 1( ) ( )k k kx L n x n++ ≡  for 1n ≥ . Due to the 

enlarged data, the basis function is extended by the definition 

    ( ) 1k nφ =   for kn L>    with   ( ) ( )k k
n nφ φ=  for kn L≤ .          
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Since ( ) 1k k
Lφ =  is valid, the basis function is continuously 

extended with respect to the first part of the basis function 

(1 )k k
Lφ … . If more values are included than the length of the 

frame k+1, the values of the next frames can be included. To 

reduce the influence of the values which are more far from 

frame k, the signal values ( )k k
x L n+  with 1n ≥  are weighted 

by the right side of the Hamming window ( )nυ  of length 

2M . This leads to the enlarged segment kx  defined by 

{ } ( )1 1( ) (1), , ( ), ( 1) (1), , (2 ) ( ) .k k k k kx n x x L M x M x Mυ υ+ += + ⋅ ⋅… …  

The incorporation of signal values right of the current frame 

represents an overlapping at the right side of frame k. This 

right-side overlapping can be described by the equations of 

the previous section with substituting 
kφ  and kx  for 

kφ  and 
kx , respectively. For Eq. (10) of the expected value, the 

length kL M+  is substituted for kL .  

3. Speech analysis 

The following analysis results are obtained by the time-

varying inverse filtering with the FIR lattice filter. The 

successive analysis of the frames ensures the fulfillment of the 

continuous condition as described in the previous section. 

The analyzed speech signals have a sample rate of 16 kHz and 

are uttered from a male German speaker. The speech signals 

are pre-emphasized. The investigations have shown that a 

pre-emphasis is necessary for obtaining usable results; 

however, the estimation results are not sensitive to variations 

of the pre-emphasis coefficients. One explanation of the 

requirement of a pre-emphasis can lie in the fact that the 

system models only the vocal tract if the pre-emphasis filters 

out the influence of the vocal tract from the speech signal. 

3.1. Effect of overlapping 

 

 
Figure 3: Magnitude responses of time-varying analysis of 

utterance [aUdIo:]: (a) without overlapping and (b) with 

overlapping of M=200. 

 

The effect of the incorporation of the data of the right-side 

frame or frames by using  φ  and kx   can be seen from Fig. 

3, which shows the results of the analysis of the German word 

“audio” by the successive time-varying estimation with and 

without using the overlapping; in the case of overlapping, the 

overlapping is 200M =  samples. The frame length kL  

without M is 250 samples. The order of the lattice filter is 

22N = . The magnitude responses of the coefficients at the 

frame boundaries and those of the interpolated coefficients 

( (1) ( )) / 2k k k

i ir r L+  in the center of each segment are shown. 

It can be seen that the overlapping is necessary to obtain 

usable results since the omitting of the overlapping causes 

discontinuities. Other analyses show the same effect. In the 

case of smaller segment lengths, the difference between 

overlapping and non-overlapping is stronger. The smoothness 

of the trajectory can be influenced by the length M of the 

overlapping. The longer the overlapping the smoother is the 

trajectory; additionally, the type of window influences the 

smoothness. Smooth trajectories are favorable, for examples, 

for synthesis or synthesis-related applications such as coding 

since discontinuities deteriorate the speech quality [13]. In 

the case of conventional block-wise time-invariant estimation 

procedures, smoothing is possible by a post processing; 

however, in the case of the time-varying approach, the 

nonstationarity is considered in the estimation model. 

3.2. Effect of segmentation 

The lengths of the frames have an effect of the analysis 

results. Since linear trajectories are chosen for each segment, 

the segment length should be not too large. Only small pieces 

of nonlinear functions can be approximated well by linear 

functions. However, the segment length should be chosen 

also not too small since very short segments cause fluctuating 

trajectories. This is caused by the small amount of segment 

data for the estimation and by the effect of the voiced 

excitation, since the vibrations of the vocal folds describe a 

time-varying process. Due to these effects, the segment length 

should be not smaller than the pitch period. Fig. 4 shows the 

effect of different segmentations. The order of the lattice filter 

is 24N = . The trajectories of magnitude responses in Fig. 

4(a) and (b) are from an analysis with pitch-synchronous 

segmentation. The pitch marks are located at the zero 

crossings. The analysis corresponding Fig. 4 (a) implies 

segment lengths of exactly one period, whereas the analysis 

for Fig. 4 (b) implies segment lengths of exactly two periods. 

The averaged length of the pitch periods is 137 samples. In 

the case of the two-period segmentation, the interpolated 

magnitude responses at the center of each frame are shown, 

too. Hence, the difference between the magnitude responses is 

one period. It can be seen that the segment length of two 

periods is favorable, since it achieves smoother trajectories 

than the segment lengths of one period. Fig. 4(d) shows the 

result by a segmentation with a constant frame length of 

274kL = . This value is the double of the mean of the pitch-

period lengths and is comparable to the lengths of Fig. 4 (b). 

Analogously to Fig. 4(b), the interpolated magnitude 

responses at the frame center are shown, too. A comparison of 

Figs. 4(b) and 4(d) shows that the difference of the pitch-

synchronous and the uniform segmentation is relatively small, 

which can be explained by the effect of the continuous 

condition. The logarithmic areas of the frame-boundary 

coefficients of the analysis corresponding Fig. 4(b) are shown 

in Fig. 4(c). It can be seen that the trajectory is relatively 

smooth. The continuous condition acts as dynamical 

constraints. For speech analysis procedures such as formant 

tracking, smooth parameter trajectories are favorable as 
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indicated in [14]. The termination of the tube model is chosen 

with 1γ = − . The lips are located at the right side and the 

region of glottis is in the near of tube seven and eight. The 

tube areas show reasonable vocal-tract shapes. For example, 

the open front cavity of /a/, the back cavity of /I/, and a 

constriction for /v/ can be observed. It should be mentioned 

that the areas are only roughly realistic and are influenced by 

the pre-emphasis regarding the elimination of the excitation 

and radiation [15]. For inverse filtering applications, the 

excitation can be treated more specifically such as in [16]. 

 

 
 

 

Figure 4: Magnitude responses of time-varying 

analysis of utterance [vaIl]: (a) segment length is 

exactly 1 period, (b) exactly 2 periods, and (d) is 

constant with 274kL = ; mean of period lengths is 

137 samples. (c) Logarithmic areas of boundary 

coefficients corresponding to analysis result of (b). 

4. Conclusions 

For the time-varying analysis of speech, an estimation 

procedure is presented, which estimates a continuous piece-

wise linear parameter trajectory in terms of reflection 

coefficients. The continuous condition represents reasonable 

constraints considering the speech production process; 

furthermore, the incorporation of the continuous condition 

allows the usage of relatively small segment lengths since the 

statistics of adjacent frames are involved in the estimation, 

too. The investigations show that the resonance and the vocal-

tract movements can be modelled well by the time-varying 

approach, whereas the effect of the vocal-fold vibrations can 

be fade out if the segment lengths are chosen not too small.  
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