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Abstract

An all-pole modeling technique, Linear Prediction with Low-
frequency Emphasis (LPLE), which emphasizes the lower
frequency range of speech, is presented. The method is based
on first interpreting conventional linear predictive (LP)
analyses of successive prediction orders with parallel
structures using the concept of symmetric linear prediction. In
these implementations, symmetric linear prediction is
preceded by simple pre-filters, which are of either low or high
frequency characteristics. Combining those symmetric linear
predictors that are not preceded by high-frequency pre-filters
yields the LPLE predictor. It is proved that the all-pole filters
computed by LPLE are always stable. The results show that
the method is well-suited when low-order all-pole models with
improved modeling of the lowest formants are needed.

1. Introduction

In the autocorrelation method of linear prediction (LP), a
predictor (an FIR of order m) is determined by minimizing the
square of the prediction error, the residual, over a time
interval, which is, in principle, infinite [1]. In order to model
the envelope of speech spectrum accurately enough with LP,
the prediction order is adjusted to equal the sampling
frequency in kHz added by a small integer [2]. If one attempts
to compress the LP information by using prediction orders
smaller than those given by the rule mentioned above, the
formant structure of speech becomes poorly modeled.

Since the criterion of optimization in the conventional LP
analysis is the minimization of the residual energy, all the
input frequencies are treated equally. In other words, the all-
pole model computed by the conventional LP favors high-
energy regions of signal spectrum no matter at which
frequencies these occur. This equal treatment of the
frequencies of the input signal is inconsistent with, for
example, the properties of human hearing, which is known to
be frequency dependent. The equal treating of the input
frequencies embedded in the conventional LP analysis is also
inconsistent from the point of view of speech production,
because the most important formants, the first (F1) and second
(F2) formant, are typically located at frequencies below 2 kHz.
Hence, it would be desirable to obtain all-pole models of
speech with improved resolution on the frequency range where
the two lowest formants are located rather than modeling high-
energy regions over the entire frequency range of the input
signal.

The rationale for the present study is to modify the
conventional LP analysis in order to improve modeling of the
main spectral features of speech at low frequencies with small
prediction orders. We will present a new linear predictive
method, Linear Prediction with Low-frequency Emphasis
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), which focuses on the lowest frequencies of the input
. As  background, we will first present in section 2, how
ntional LP analysis can be interpreted with the help of
ine Spectrum Pair (LSP) decomposition and symmetric
 prediction [3-5]. Using this interpretation, it is then
le to combine symmetric polynomials embedded in
ntional LP analyses of successive prediction orders to
 the proposed all-pole filters.

2. Background

 section, we will briefly present three issues, which form
sis of the proposed new algorithm: conventional linear
tion, the Line Spectral Pairs decomposition, and
etric linear prediction. 

Conventional linear prediction

ntional LP (prediction order equal to m) can be
ted in matrix notation as follows [1]. Given the signal
nd the predictor parameters ai (0≤i≤m), denoted by x =
.x(n-m)]T and a = [a0...am]T in vector notation,
tively, we can express the residual as e(n) = xTa. The
al predictor is defined by minimizing the expected value
 residual energy E[e2(n)] = aTRa subject to the constraint
1 or equivalently aTb = 1, where b = [1 0..0]T. The
al solution can be written in the form of extended normal
ons as: 

Ra = σ2b (1) 

σ2 denotes the energy of the residual.
 the following, we will denote the transfer function of
ptimal predictor given by conventional LP (the Z-
orm of sequence a in Eq.1) by A(z).

Line Spectral Pair (LSP) decomposition

 an LP predictor A(z) with a prediction order equal to m,
ine Spectral Pair (LSP) decomposition defines two
omials of order m+1, the symmetric polynomial P(z) and
ti-symmetric polynomial Q(z), as follows [3]:

P(z) = A(z) + z-m-1 A(z-1)
Q(z) = A(z) - z-m-1 A(z-1) (2)

edictor A(z) can be obtained from the LSP polynomials
 as: A(z) = 1/2 [P(z) + Q(z)].
has been proved that the LSP-decomposition has the
ing essential properties [3,6,7]:
e zeros of P(z) and Q(z) are always on the unit circle.
hen m is even, P(z) has a trivial root located at z = -1
(z) has a trivial root located at z = 1. When m is odd,



Q(z) has two trivial roots,  z = 1 and z = -1, while P(z) has no
trivial roots. 
3) When A(z) is minimum-phase, zeros of P(z) and Q(z) are
interlaced. This is called the intramodel interlacing property.
4) The roots of P(z) computed from an LP-predictor of order
m are interlaced with the roots of P(z) computed from an LP-
predictor of order m-1. Similarly, roots of Q(z) computed from
a m'th order LP-predictor interlace with those defined from an
LP-predictor of order m-1. This is called the intermodel
interlacing property. 

2.3. Symmetric linear prediction

Symmetric linear prediction [3,4] with prediction order equal
to p is based on the predictor polynomial defined as:

B(z)   =  1 + b1 z-1 +...bp/2-1 z-p/2+1 + bp/2 z-p/2

  + bp/2-1 z-p/2-1 +...+ b1 z-p+1 + z-p
(3)

In this structure, a predictor of order p can be defined from p/2
coefficients bi (1≤i≤p/2), because of the symmetry of the
impulse response. Using a similar optimization procedure as in
the case of conventional LP, it can be shown that the optimal
predictor for symmetric linear prediction is obtained from the
following normal equations:

p/2)R(jbj)pR(kj)R(kb p/2
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It has been established that roots of B(z) are always on the
unit circle [4]. Essentially, there is a close connection
(although perhaps not well known) between symmetric LP and
the LSP decomposition: the LSP polynomials (excepting the
points z=+/- 1) are, in fact, LP predictors, which minimize the
energy of the prediction error subject to the constraint that the
zeros of the predictor are restricted to the unit circle, i.e., the
residual is computed using symmetric linear prediction [5].

Using the relationship between the LSP decomposition
and the symmetric linear prediction, we can now express
different implementations for the conventional LP as shown in
the flow graphs in Fig. 1. Normally, conventional LP is
computed by inverse filtering x(n) using the optimal predictor
A(z) defined in Eq. 1 (Fig. 2(a)). With the LSP decomposition,
however, it is possible to implement the same filtering using
the parallel structure shown in Fig. 1(b). This implementation
requires more computations than the basic alternative shown
in Fig. 1(a) and is therefore useless as such. However, it serves
as an intermediate step to the implementations shown in Fig.
1(c) and Fig. 1(d), where conventional LP is also implemented
as a parallel structure. In this alternative, the trivial roots of the
LSP polynomials have been separated and, consequently, both
P(z) and Q(z) can be expressed according to [5] with the help
of symmetric LP predictors. For even values of the prediction
order (see section 2.2), there is a single trivial root to be
separated from both P(z) and Q(z) (Fig. 1(c)). For odd values
of m, there are two trivial roots to be separated only from Q(z)
(Fig.1(d)). Hence, the transfer function of the conventional LP
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tor computed by the structure shown in Fig. 1(c) can be
sed using the symmetric linear prediction for even
 of the prediction order as follows:

A(z) = 1/2[B1,e(z)P1(z) + B2,e(z)P2(z)] (5)

B1,e(z) and B2,e(z) are transfer functions of the symmetric
 predictors (both of the order m) computed from x(n)
d through pre-filters P1(z) = 1+z-1 and P2(z) = 1-z-1,
tively. For odd values of m, the transfer function of the
ntional LP analysis can be  expressed as:

A(z) = 1/2[B1,o(z) + B2,o(z)P1(z)P2(z)] (6)

B1,o(z) is the symmetric linear predictor (of order m+1)
ted directly  from x(n) and B2,o(z) is the symmetric

 predictor (of order m-1) computed from  x(n) filtered
h a cascade of filters P1(z) = 1+z-1 and P2(z) = 1-z-1.
plementation of conventional LP using the structure
 in Fig. 1(c) and 1(d) serves as a starting point for the

sed technique described next in section 3.

3. Method

LPLE algorithm

 assume that we are given a vowel sound sampled with 8
nd conventional LP analysis of an even prediction order
be computed. Assume also that the prediction order is
r than that required by the sampling frequency (e.g.,
 According to the flow graph shown in Fig. 1(c), this
ntional LP predictor corresponds to defining two
etric linear predictors, both of which are defined by
g the input signal through a simple, fixed pre-filter. It is

 noticing in this implementation that the zeros of P1(z)
2(z) are located at z=-1 and z=+1, respectively, which
s that the amplitude response of these two pre-filters at

ow and the high end of the frequency range is
erably different. Therefore, in determining the LP
tor according to Fig. 1 (c), the symmetric linear
tor in the upper branch will most likely not locate any of
ts at the high end of the frequency band due to extensive
ng of these frequencies by P1(z). (Recall that symmetric
based on the mean square error criterion, which means
it focuses on the strongest spectral components.)
rly, roots of B2,e(z) are not likely to occur at the lowest
f the frequency range due to extensive attenuation of
frequencies by P2(z). If there is a great distance between
t of B1,e(z) (on the unit circle) and its counterpart of
) (also on the unit circle), the corresponding root of the

P predictor  (located inside the unit circle) will be at a
ce from the unit circle. Hence, the spectral model given
 will most likely not show a strong resonance in the
ncy range in question.
 order to obtain an all-pole filter, which puts more
sis on the lower  frequency range of the input signal, it
sible to combine the structures shown in Fig. 1(c) and
(d). More specifically, we aim to take advantage of the
el structures based on the symmetric linear prediction so
ombine the low-pass characteristics of two conventional
alyses of successive prediction orders. This implies that
 prediction of order m and m-1 (with m even) are



implemented using the symmetric linear prediction shown in
Fig. 1(c) and 1(d), respectively. Hence, the design of an m'th
order all-pole filter that emphasizes low frequencies can be
attained by combining the upper branch of Fig. 1(c), i.e., the
branch with a symmetric linear prediction preceded by a fixed
low-pass filter, to the upper branch of  Fig. 1(d), i.e., the
branch with a symmetric linear prediction preceded by no pre-
filter. In order to guarantee the stability of the final all-pole
filter, the symmetric linear predictor corresponding to the
upper branch of Fig. 1(d) needs to be combined with a first
order FIR with its zero at z=1. These stages together make up
the new LPLE method, the computation of which can be
summarized (with prediction order equal to m) as follows:
1. Compute the symmetric linear predictor B1,e(z) using Eq. 3
and Eq. 4 with p = m by defining autocorrelations from x(n)
filtered through P(z) =1+z-1.
2. Compute the symmetric linear predictor B1,o(z) using Eq. 3
and Eq. 4 with p = (m-1)+1 = m by defining autocorrelations
directly from signal x(n).
3. From the two symmetric linear predictors obtained,
construct the following polynomials: Se(z) = B1,e(z) (1+z-1)
and So(z) = B1,o(z) (1-z-1). Notice that Se(z) is symmetric and
So(z) is anti-symmetric.
4. The final all-pole transfer function is obtained by adding
polynomials Se(z) and So(z) and by scaling the sum by 1/2: 

X(z) =  1/2 [Se(z) + So(z)] (7)

3.2. Stability of LPLE

The m'th order all-pole filter given in Eq. 7 can be easily
proved to be stable by using the intermodel interlacing
property of the LSP decomposition (property No. 4 in section
2.2 [6,7]). Referring to stages No. 1 and No. 2 at the end of
section 2.2, it is implied that roots of B1,e(z) and B1,o(z) must
interlace because B1,e(z) and B1,o(z) are equal to the
symmetric LSP-polynomials  (i.e., P(z)) defined from LP-
predictors of orders m and m-1, respectively, but with the
trivial root at z=-1 of P(z) computed from the m'th order LP
predictor excluded. Hence, polynomials Se(z) and So(z) in Eq.
7 have all their m complex roots interlaced on the unit circle.
In addition, Se(z) and So(z) have a single real root at z=-1 and
z=+1, respectively, due to stage No. 3 in the LPLE procedure.
Hence, Se(z) and So(z) not only have an equal number of roots
on the unit circle but they also interlace. This implies,
according to the intramodel interlacing property, i.e, property
No. 3 in section 2.2, that the sum of Se(z) and So(z) must be
minimum-phase and, consequently, the corresponding all-pole
filter is always stable. 

Note that the intramodel interlacing property, which was
utilized in the proof above, is typically used related to the LSP
polynomials computed from the m'th order predictor given by
the conventional LP analysis. However, the intramodel
interlacing theorem holds true for arbitrary polynomials,
whose roots are interlaced on the unit circle.
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 Different implementations of conventional LP with
tion order m.
plementation with predictor A(z) defined using Eq. 1.
plementation based on the LSP decomposition.
plementation based on symmetric LP for even values of
ymmetric linear predictors B1,e(z) and B2,e(z) are
ized using Eq. 4 with p=m. Autocorrelations required in
ining B1,e(z) and B2,e(z) are computed from x(n) filtered
h filters P1(z)=1+z-1 and P2(z)=1-z-1, respectively.
plementation based on symmetric LP for odd values of

mmetric linear predictor B1,o(z) is optimized using Eq. 4
p=m+1, where autocorrelations are computed directly
signal x(n). B2,o(z) is optimized using Eq. 4 with p=m-1
mputing autocorrelations from signal x(n) filtered
h the cascade of P1(z) = 1+z-1 and P2(z) = 1-z-1.

4. Results

ntional LP and LPLE were compared using the eight
h vowels (sampled with 8 kHz). The prediction order
d m=8 and the frame size was 25 ms. In computing
rrelations, Hamming windowing was used. Pre-
sis was used in both of the linear predictive analyses in
to decrease spectral dynamics of the sounds [2]. As a
phasizer, we used a first order FIR (zero at z=0.95).
le filters computed by LPLE sometimes underestimate
rmant bandwidth of F1. In order to alleviate this
m, the predictor polynomial given by LPLE was
wed by an exponential window w(n)=0.98n, 0≤n≤m.
o experiments were made. In the first one (Experiment

 extracted the number of formants indicated by the
 order all-pole spectra. The formant was identified as a
maximum in the amplitude spectrum. In the second
ment (Experiment II), we made a small subjective test as
s. Firstly, eighth order all-pole filters were determined
 conventional LP and by LPLE for vowels /a/, /i/ and /u/



from voices produced by a male subject. These all-pole filters
were then used to synthesize sounds (duration 300 ms) by
using impulse train excitations determined separately for each
vowel. The signals were then played to seven naive listeners.
Each listener was asked to assess which one of the two
synthetic candidates was perceptually closer to the original
vowel.

Results from Experiment I indicate that LPLE was able to
find a larger number of formants from the vowel data
analyzed. The maximum number of formants to be modeled by
8th order all-pole modeling is four. This maximum number of
formants was indicated in 18 and 49 cases by LP and LPLE,
respectively. The smallest number of formants indicated by the
two all-pole techniques was two, which was indicated by
conventional LP in 14 vowels whereas LPLE showed the same
amount of formants in only 4 cases. Overall, LPLE showed a
larger number of formants than conventional LP in 37 cases,
whereas only in 3 sounds were there a larger number of
formants indicated  by conventional LP than by LPLE.

The results of Experiment II show that listeners preferred
the quality of the vowels synthesized with LPLE especially in
the case when F1 and F2 of the underlying vowel were located
at low frequencies. The vowel /u/, which is the the vowel
characterized by the lowest values of F1 and F2, was
perceived by all the listeners to be closer to the original vowel
when the synthesis was carried out with LPLE. The vowel /a/
yielded almost the same result, except for one listener who
considered the sound synthesized by conventional LP to be of
a more natural quality. In the case of the vowel /i/, which has
the highest value of F2 among the vowels, the opinions of the
panelists veered away from favoring LPLE: three panelists
regarded the quality of the vowel synthesized by conventional
LP to be closer to the original one, three considered the two
methods to be of the same quality and two considered the
quality given by LPLE to be better.

Two examples are shown in Fig. 2. Both figures illustrate
how LPLE more clearly indicates the lowest two formants in
comparison to conventional LP. 

5. Conclusions

We have presented a linear predictive technique which
puts more emphasis on the lower frequencies of the speech
spectrum. The method is based on first interpreting
conventional linear predictors of successive prediction orders
with parallel structures using  symmetric linear prediction. The
parallel structure is then obtained by combining a symmetric
linear predictor preceded by a low-pass pre-filter from the m'th
order predictor to a symmetric predictor preceded by no pre-
filter of the (m-1)'th order predictor. 

The proposed method always yields stable all-pole filters.
The method is well-suited to applications where focus is on
accurate modeling of the low frequency range of speech with
small prediction orders. One such area, although not studied in
the present survey, is LP analysis of wide-band speech, which
calls for using large prediction orders when conventional LP is
used. With the  method proposed, however, it is possible to
use smaller prediction orders yet obtain all-pole models
capable of separating the most important lowest formants.
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. Examples of 8th order all-pole spectra computed by
ntional LP (dotted line) and by LPLE (solid line). (a):
speaker, vowel /o/, (b): female speaker, vowel /u/. Both
pectra have been lowered by 10 dB for visual clarity.
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