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Abstract
Conventional procedures for spectrum coding for speech address
fixed rate coding. For the variable rate case, we develop spec-
trum coding based on constrained entropy quantization. Our
approach integrates high rate theory for Gaussian mixture mod-
eling with lattices based on line spectrum pairs. The overall
procedure utilizes a union of several lattices in order to enhance
performance and to comply with source statistics. We provide
experimental results in terms of SD for different conditions and
compare these with high rate lower bounds. One major advan-
tage of our coding system concerns adaptivity, one design can
operate at a variety of rates without re-training.

Keywords: speech coding, spectrum coding, entropy con-
strained quantization, LSPs, Gaussian mixture modeling

1. Introduction
Spectral coding is an integral part of many speech and music
coding systems. Spectral coding refers to principles of repre-
sentation and quantization of the envelope of the instantaneous
signal spectrum. A line spectrum pair representation of an LPC-
filter has become standard in speech coding. Typically, vector
quantization is employed to achieve an efficient spectral cod-
ing. Theory of vector quantization dictates that optimal coding
requires the explicit or inexplicit knowledge of the parameter
statistics. A standard approach has been to train the quantizer
reconstruction vectors by clustering [1], using a large database
of spectrum vectors. In a number of recent papers [2, 3, 4],
it has been demonstrated that Gaussian mixture modeling has
many advantages in comparison to the clustering approach [1].
The robust nature of mixture modeling minimizes artifacts due
to training. More important for applications, Gaussian mixture
modeling opens for low complexity structured quantizers that
are easily adapted in rate. By using lattices in accordance with
the mixture densities, computational complexity can be kept at
a level not far from that of scalar quantization.

The purpose of a standard compression system is to maintain
subjective quality given the transmission rate available. Con-
ventional speech coding systems are designed to work at a con-
stant rate. However, in future transmission systems, a variable
rate coding seems more and more likely. From a compression
standpoint, this means a departure from the design principle of
minimizing distortion at one given rate. In some applications,
the objective is instead to minimize rate given some distortion
level. More generally, we may like to adaptively strike a bal-
ance between rate and distortion. The exact nature of this bal-
ance depends both on the instantaneous signal properties and the
currently available bandwidth.

In this paper we address variable rate spectrum coding, a
subject given limited attention for speech in the past. The pur-
pose is to illustrate how the design principles may change in
comparison to conventional approaches for the fixed rate case.
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mit this study to intra-frame coding. Inter-frame spectrum
g has been proven superior in terms of compression but is
ttractive for systems with packet losses.
e have integrated our spectrum coding approach with a
le rate CELP coder and found the subjective quality to be

able [5].
he paper is organized as follows. In Sec. 2 we describe
odeling of LSP parameters. The design algorithm for a
Gaussian source is provided in Sec. 3, followed by Sec.

ich extends the design procedure to a Gaussian mixture.
imulation results are presented in Sec. 5. A summary and
ssion is given in Sec. 6.

2. Modeling the Signal Spectrum
sume the current signal spectrum is described by an LPC-
omial, A(z), of order d. The polynomial A(z) is param-
ed by a d-dimensional LSP-vector, x. We describe the
tics of the LSP vectors by a Gaussian mixture. Let the pdf
fX(x), be approximated by a Gaussian mixture

fX(x) ≈
M∑

i=1

ρigi(x; Θi), (1)

each Gaussian, gi, is determined by its mean and covari-
matrix, together labeled by Θi. The EM-algorithm is an
nt tool for fitting the mixture parameters to an appropriate
ase of training vectors. For speech signals sampled at 8

previous studies [2] have shown that 16-256 mixtures are
ient to capture the essential properties of the statistical na-
f the speech spectrum. For higher sampling frequencies,
mand on the number of mixture components grows.
a benchmark paper, Paliwal and Atal [6] proposed that

ctive quality of a spectrum coding system is given by con-
ng the spectral distortion measure SD, defined as

SD2
ν0 =

202

ν0

∫ ν0

0

(
log10

Ã(ej2πν)

A(ej2πν)

)2

dν, (2)

Ã(z) is a quantized version of the LPC-polynomial. As a
f thumb, Atal and Paliwal suggested that SD-values below
implies transparent quality. Gardner and Rao [7] showed
D is closely related to a weighted LSP-distortion, thereby
ding a bridge between subjectively relevant measures and
utationally efficient procedures.

3. Entropy Constrained Vector
Quantization

proach entropy coding with a Gaussian mixture model. In
ection we address a single Gaussian and return to the full
ective in Sec. 4



An entropy constrained VQ (ECVQ) is defined by a code-
book , C = {c1, · · · , cN}, consisting of N reconstruction vec-
tors, and a variable length entropy code assigned to the codebook
entries. For a given distortion measure d(x, c), the optimal code
vector, c∗, is given by a Lagrangian minimization as

c∗ = arg min
c∈C

(d(x, c) + γl(c)), (3)

where l(c) is the length of the code that is assigned to c, and γ is
a Lagrange multiplier. The Lagrange multiplier is the derivative
of distortion with respect to the average length, at the operating
point.

It has been shown [8] that for an ECVQ, with rth power Eu-
clidean distance as distortion measure, the uniform point density
is asymptotically optimal.

If we accept SD as the distortion measure, then we are re-
quired to have a uniform point density in the space where SD is
measured. This yields to a non-uniform point density in the LSP
space. To keep the complexity at a reasonable level, we take a
suboptimal approach and produce a codebook with a uniform
point density in the LSP-space.

Bellow, we describe the structure and design of an ECVQ
for a source with a separable pdf, i.e. fX(x) =

∏d
i=1 fi(xi).

For the case of Gaussian sources, a KLT transform is required
for design and quantization.

3.1. Union of Cubic Lattices

To achieve a uniform point density, we construct a codebook as
a union of rectangular lattices. The choice of rectangular lattice
has the following advantages.

• The problems of truncating and scaling the lattice have
simple analytical solutions.

• Estimation of the output probabilities is analytical and
scalar wise.

• Search and indexing are essentially scalar operations.

Let Z∆ denote a rectangular lattice with the generator matrix
G = diag(∆1, . . . , ∆d). Then, the codebook, C, is constructed
as

C = ∪K
k=1(Z∆ + sk). (4)

Here {sk}K
k=1 are independent samples of a random vector, S,

uniformly distributed in a hyper-rectangle of size {∆i}d
i=1, cen-

tered at the origin. We refer tosk as the offset of the lth element in
the union. By having a union of rectangular lattices, we achieve
some of the space filling advantage of a VQ, given a rich union.
Hence, given a correct estimation of output probabilities, such
a codebook bridges the gap between entropy constrained scalar
quantizer and the rate-distortion bound.

3.2. Design

We assume that the number of elements in the union, K, and a
total rate, Rtot, are given. The design procedure consist of three
parts; i) scaling, ii) truncation, and iii) probability estimation.
Bellow we describe these steps.

According to (4), all elements in the union have the same
structure. Thus we distribute the given rate, Rtot, among the
lattices equally. Thereby, the allocated rate to each lattice, Rlatt,
is

Rlatt = Rtot − log2(K)/d. (5)

Thereafter, we design a rectangular lattice, assuming s = 0, for
the given rate, Rlatt.
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he design of a rectangular lattice corresponds to design-
scalar quantizers, one for each component of the source

r. Following [9], we use a uniform-threshold scalar quan-
That is consecutive threshold levels yk and yk+1 satisfy
− yk| = ∆. Moreover, the reconstruction points are in
nter of probability mass of their respective quantization
als. Such entropy constrained scalar quantizer (ECSQ) is
n to perform close to optimal [9]. We calculate the step-
{∆i}d

i=1, according to a rate allocation procedure [9] (see
IV).
et Ri be the rate allocated to the ith scalar quantizer, and
i) be the corresponding distortion (entropy constrained).
we minimize

d∑
i=1

Di(Ri) (6)

ct to
d∑

i=1

Ri ≤ Rlatt. (7)

rding to high rate theory

Di(Ri) =
1

12
2−2(Ri−hi), (8)

hi is the differential entropy of fi(x). This gives us the
llocation

Ri = Rlatt −
(

1

d

d∑
j=1

hj − hi

)
. (9)

the rate of each scalar quantizer, the step-size, ∆i, can
lculated according to the high rate expression Ri(∆i) =
log2 ∆i. This yields to

∆i = 2
1
d

∑d
j=1 hj . (10)

step-sizes, ∆i, are equal in all dimensions.
runcating a scalar quantizer is straightforward. We can
ate quantization intervals which have probabilities less than
threshold, e.g. 0.01.
he reconstruction levels should be adjusted according to
arginal pdf of the source, fi(x), and to the corresponding
for the given lattice and the dimension.

Entropy Coding

ndex of a code vector, cj , within the codebook, C, consists
o parts; i) the index of the lattice that cj belongs to, and ii)
dex of the lattice point. The former index is coded by the
ntional binary fixed length code. The latter index, which
fer to as the point index, is subject to entropy coding.
et Ij = [Ij1, · · · , Ijd] be the point index of code vector cj ,
tice l. Assuming separable source density, we can encode
component of the point index, Ijk, independently, without
ntropy loss. Hence, for each lattice we have to estimate
of scalar probabilities. There is an interaction between

bilities and Voronoi regions as illustrated in (3). Thereby,
act estimation of probabilities is forbiddingly complex. Let
nsider lattice l, Cl, and estimate the probabilities of recon-
ion points along dimension i. This set of probabilities is
tioned on that the optimal code vector, c∗, belongs to the
tice, Cl. Conditioning on the lattice yields to an estimation
babilities as

Iki|c∗ ∈ Cl} =

∫ yk+1+sli

yk+sli

fi(x)dx, k = 1, . . . , Nli.

(11)



Here, Nli denotes the number of levels of Cl along dimension i.
This approximation is simple, yet providing sufficient estimates.

4. LSP Quantization
The parametric model of LSP data (see Sec. 2) is used to design
an encoder. The technique is to design one ECVQ for each Gaus-
sian in the mixture (1). For complexity reasons, the ECVQ:s are
designed independently. We are required to do a rate allocation
among mixtures. That is to minimize

M∑
m=1

ρmDgm(Rm) (12)

subject to
M∑

m=1

Rm ≤ R − 1

d
log2 M. (13)

Here Rm is the allocated rate to the mth component of the
mixture, and R is the target rate of the encoder. Borrowing
Dgm(Rm) from high rate theory [8], and using the Lagrangian
method

Rm = R − 1

d
log2 M − 1

d

(
M∑

j=1

ρjhj − hm

)
. (14)

Here hm is the differential entropy of the mth mixture compo-
nent. In our implementation, all mixtures have the same number
of lattices, K.

4.1. Search

The search algorithm is quite straightforward. Given a source
vector x, we search all the lattices of all mixtures. This stage
of search is in the LSP space, and is performed scalar wise.
The optimal vector from each lattice is called a hot candidate,
{c∗

j}MK
j=1 . We calculate SD between x and all hot candidate.

Then we search among hot candidates for the one that minimizes
the Lagrangian expression (3). The winning candidate is the final
quantized value of x.

4.2. Entropy Coding

The index of a code vector has two parts; i) the index of the
corresponding mixture, and ii) the intra-mixture index. The
construction of the latter index is described in Sec. 3.3. For
indexing the mixtures, we use a conventional fixed length code.

We employ Huffman coding to implement the variable
length code. Whenever the number of symbols is small, a Huff-
man code is not normally efficient. To overcome this problem,
we group dimensions with a small number of reproduction levels
in order to have a larger number of source symbols.

5. Results
For the experiments, we have used multilingual databases of
speech sampled at 8 kHz, derived from high quality recordings
in a studio environment. Considering the speech material and our
goal for high quality reproduction, we had a somewhat higher
LPC dimension than conventional, i.e. d = 12 in compari-
son to the standard d = 10. The LPC analysis operated at 50
frames/s with an analysis window of 26 ms. All frames where
subject to a 15 Hz bandwidth expansion. The training set con-
sisted of 55.000 frames whereas an additional 225.000 frames
we employed for evaluation. As a benchmark for our results,
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mputed the high rate lower bounds for fixed rate distortion
the databases of our experiments by the procedures devel-

in [2]. An open test gave that 30.3 bits are required to reach
of 1 dB for the full band case. To facilitate comparisons
our LPC conditions and the recording conditions, we also

uted a bound for a telephone band SD using exactly the
databases. This gave that 25 bits are required to reach an
f 1 dB for the limited band case. We emphasize that, in
arison to d = 10, the bound for d = 12 are several bits
r.
ellow, we present our simulation result. In none of the
iments an SD larger than 4 was encountered.
able 1 demonstrates SD for different values of average

[bit/frame]. Here a mixture of M = 32 Gaussian mod-
P data, and the codebook of each mixture component is
n of K = 128 Lattices. Similar to the LPC-10 case the
is 0.05 SD unit per bit around SD=1.
Table 2, we study the dependency of SD to the number

ments in the union. The modeling of the LSP vectors is
by a mixture of M = 32 Gaussian. As expected, there is
improvement available by the complexity of having more
s.
e study the effect of the modeling of the source on SD

ble 3. In this case, A union of K = 64 lattices for each
re. It seems that only marginal improvements are available
d modeling with 32 mixtures
he complexity of the system is essentially determined by
, i.e. the total number of lattices. In Table 4 we measured
r an almost constant complexity, varying the number of
res and number of lattices. There is no significant differ-
in performance between the cases in Table 4. Hence, for
performance one has to trade with complexity.

1: SD measure as a function of rate. Using M = 32
re, and K = 128 lattices per mixture. L̄ denotes average

[bit/frame].

L̄ SD
2 < SD < 4

%

27.8 1.11 0.25
29.5 0.99 0.07
31.5 0.89 < 0.01
35.9 0.71 < 0.001

2: SD measure as a function of number of lattices. Using
32 mixture, K indicates the number of lattices per mixture,
denotes average length [bit/frame].

K L̄ SD
2 < SD < 4

%

1 29.2 1.08 0.07
32 29.1 1.02 0.04
64 29.3 1.00 0.05
128 29.5 0.99 0.07



Table 3: SD measure as a function of number of mixtures. Us-
ing K = 64 lattices per mixture, M indicates the number of
mixtures, and L̄ denotes average length [bit/frame].

M L̄ SD
2 < SD < 4

%

15 29.2 1.03 0.05
32 29.3 1.00 0.05
64 29.4 0.99 0.03
96 29.5 0.98 0.03

Table 4: SD measure at almost constant complexity. M indicates
the number of mixtures, K indicates the number of lattices per
mixture, and L̄ denotes average length [bit/frame].

M K L̄ SD
2 < SD < 4

%

15 128 29.4 1.00 0.04
32 64 29.3 1.00 0.05
64 32 29.2 1.01 0.03

6. Summary and Discussion
We have presented an implementation of entropy constrained
spectrum quantization based on a union of rectangular lattices.
One or several lattices are fitted to each mixture of a Gaus-
sian mixture model of the LSP vectors. Results show that per-
formance improves both as a function of the number of mix-
ture components and as a function of the number of lattices
per mixture. However, competitive performance is maintained
for low-complexity cases with 32 mixtures and only a few lat-
tices per mixture. The results also show that a practical entropy
constrained spectrum quantizer can outperform even the lower
bound for fixed rate quantization.

In this study we have limited the rate variability to conform
with entropy constrained quantization for SD. In a practical coder
it is beneficial to exploit the subjective quality dimension further
by tuning the criterion in accordance with speech parameters, e.g
by varying the Lagrange multiplier based on energy or on voicing
parameters. We expect even larger merits of our system in such
an environment.
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